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Abstract

Purpose –Using a generalized translation operator, this study aims to obtain a generalization of Titchmarsh’s
theorem for the Laguerre–Bessel transform for functions satisfying the ψ-Laguerre–Bessel–Lipschitz
condition in the space L2α (K), where K ¼ 0;þ∞½ 3½ 0;þ∞½ ½.
Design/methodology/approach – The author has employed the results developed by Titchmarsh, of
reference number [1].
Findings – In this paper, an analogous of Titchmarsh’s theorem is established for Laguerre–Bessel transform.
Originality/value – To the best of the authors’ findings, at the time of submission of this paper, the results
reported are new and interesting.
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1. Introduction
The integral Fourier transform, as Fourier series, is widely used in various fields of calculus,
computational mathematics, mathematical physics, etc.

Years ago, Titchmarsh established ([1], Theorem 84) that if f satisfies the Lipschitz
condition Lip(δ; p) in the Lp norm (1 < p ≤ 2) on the real line R, that is

Z
R

j f ðxþ hÞ � f ðxÞj p

� �1
p

¼ o
�
h
δ�; ð0 < δ≤ 1Þ h→ 0:

Then its Fourier transform Fðf Þ belongs to LβðRÞ, for
p

pþ δp� 1
< β≤

p

p� 1
:

A second result ([1], Theorem 85) characterized the set of functions in L2ðRÞ satisfying the
Cauchy–Lipschitz condition by means of an asymptotic estimate growth of the norm of their
Fourier transform. Namely, we have:
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Theorem 1.1. If f ∈L2ðRÞ. Then the following are equivalents:

(1) kf ðt þ hÞ− f ðtÞkL2ðRÞ ¼ oðhδÞ; ð0 < δ < 1Þ as h → 0.

(2)
R
jλj≥r j Fðf ÞðλÞj 2

dλ ¼ oðr−2δÞ as r → ∞.

where Fðf Þ stands for the Fourier transform of f.

Considerable attention has been devoted to discovering generalizations of new contexts for
those theorems, see, e.g. ([2–7]). The aim of this paper is to give a generalization of these two
theorems by using the harmonic analysis associated with the Laguerre–Bessel operators.

Throughout this paper, C denotes a positive constant which can differ from one line to
another.

2. Preliminaries
Given α≥ 0. The harmonic analysis onK ¼ ½0;þ∞½3 ½0;þ∞½ is generated by the following
partial differential operators:

D1;α ¼ v2

vt2
þ 2α

t

v

vt

D2;α ¼ v2

vx2
þ 2αþ 1

x

v

vx
þ x2D1;α;

8>>><
>>>:

where ðx; tÞ∈K. For ðλ;mÞ∈ ½0;þ∞½3N, the initial value problem:

D1;αu ¼ −λ2u;

D2;αu ¼ −4λ mþ αþ 1

2

� �
u

uð0; 0Þ ¼ 1;
vu

vx
ð0; 0Þ ¼ vu

vt
ð0; 0Þ ¼ 0;

8>>>>>><
>>>>>>:

has a unique solution wλ,m given by

wλ;mðx; tÞ ¼ jα−1
2
ðλtÞLα

m

�
λx2
�
; ðx; tÞ∈K; (1)

where Lα
m is the Laguerre function defined on ½0;þ∞½, by

Lα
mðxÞ ¼ e−

x
2
Lα
mðxÞ

Lα
mð0Þ

; (2)

Lα
m being the Laguerre polynomial of degree m and order α, given by

Lα
mðxÞ ¼

Xm
k¼0

ð−1ÞkΓðmþ αþ 1Þ
Γðkþ αþ 1Þ

1

k!ðm� kÞ!x
k; (3)

and jα is the normalized Bessel function given by

jαðxÞ ¼ Γðαþ 1Þ
X∞
k¼0

ð−1Þk
k!Γðαþ kþ 1Þ

x

2

� �2k
: (4)
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Lemma 2.1. [8] For all ðλ;mÞ∈ ½0;þ∞½3N, the function wλ,m is infinitely differentiable

on R2, even with respect to each variable and we have

supðx;tÞ∈Kjwλ;mðx; tÞj ¼ 1: (5)

Notation. We denote by:

(1) j x; t j¼j x; tð ÞjK ¼ x4 þ 4t2
� �1

4 the homogeneous norm on K.

(2) j λ;m j¼j λ;mð Þj½0;þ∞½3ℕ ¼ 4λ mþ αþ1
2

� �
the quasinorm on ½0;þ∞½3N. Let us

denote Br, the ball centered 0 and of radius r, defined by,

Br ¼ fðλ;mÞ∈ ½0;þ∞½3N; j λ;mj < rg and Bc
r ¼ ð½0;þ∞½3NÞnBr:

(3) Lp
αðKÞ; p∈ ½1;þ∞�, the spaces of measurable functions on K such that

kfkp;α ¼
Z

K

����f ðx; tÞjpdmαðx; tÞ
	 
1

p

< þ∞; if p∈ ½1;þ∞½

kfk
∞;α ¼ es ssupðx;tÞ∈Kjf ðx; tÞj < þ∞;

8>><
>>:

where dmα is the weighted Lebesgue measure on K, given by

dmαðx; tÞ ¼ x2αþ1t2α

πΓðαþ 1Þ dxdt:

(4) Lp
γα
ð½0;þ∞½3NÞ; p∈ ½1;þ∞�, the spaces of measurable functions on ½0;þ∞½3N

such that

kgkγα;p ¼
Z

½0;þ∞½3N

����gðλ;mÞjpdγαðλ;mÞ
" #1

p

< þ∞; if p∈ ½1;þ∞½

kgkγα;∞ ¼ ess supðλ;mÞ∈½0;þ∞½3Njgðλ;mÞj < þ∞;

8>>><
>>>:

where dγα is the positive measure defined on ½0;þ∞½3N byZ
½0;þ∞½3N

gðλ;mÞdγαðλ;mÞ ¼ 1

22α−1Γ αþ 1
2

� � X∞
m¼0

Lα
mð0Þ

Z þ∞

0

gðλ;mÞλ3αþ1dλ:

Definition 2.2.

(1) The translation operatorsT
ðαÞ
ðx;tÞ; ðx; tÞ∈Kare defined for a continuous function f onK, by

T
ðαÞ
ðx;tÞf ðy; sÞ ¼

1

4π

X1
i;j¼0

Z π

0

f Δθðx; yÞ;Y þ ð�1Þit þ ð�1Þjs
� �

dθ; if α ¼ 0

bα

Z
½0;π�3

f Δθðx; yÞ;Δθðx; yÞξð Þ dμαðξ;ψ ; θÞ; if α > 0:

8>>>><
>>>>:

where Δθðx; yÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ 2xy cos θ

p
; bα ¼ ðαþ1ÞΓ αþ1

2ð Þ
π
3
4ΓðαÞ

, Y 5 xy sin θ and
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dμαðξ;ψ ; θÞ ¼ ðsin ξÞ2α−1ðsinψÞ2α−1ðsin θÞ2αdξdψdθ:

(2) The convolution product of two continuous functions f, g onK, with compact support is
defined by

ðf * gÞðx; tÞ ¼
Z

K

T
ðαÞ
ðx;tÞf ðy; sÞgðy; sÞdmαðy; sÞ; ðx; tÞ∈K:

We have the following properties:

(1) If f ∈Lp
αðKÞ; g∈Lq

αðKÞ such that 1 ≤ p, q ≤ ∞ and 1
p
þ 1

q
− 1 ¼ 1

r
, then the function

f * g ∈Lr
αðKÞ, and

kf * gkr;α ≤ kfkp;αkgkq;α:

(2) For all ðλ;mÞ∈ ½0;þ∞½3N, the kernel wλ,m verifies the following product formula

wλ;mðx; tÞwλ;mðy; sÞ ¼ T
ðαÞ
ðx;tÞwλ;mðy; sÞ; ðx; tÞ; ðy; sÞ∈K:

(3) For f ∈Lp
αðKÞ; p∈ ½1;þ∞�,we have TðαÞ

ðx;tÞf ∈Lp
αðKÞ and

kTðαÞ
ðx;tÞfkp;α ≤ kfkp;α:

The Fourier–Laguerre–Bessel transform of a function in L1
αðKÞ is given by

F LBf ðλ;mÞ ¼
Z

K

f ðx; tÞwλ;mðx; tÞdmαðx; tÞ; ðλ;mÞ∈ ½0;þ∞½3N:

From Ref. [8], it is well known that Fourier–Laguerre–Bessel transform can be
inverted to

F−1
LBf ðx; tÞ ¼

Z
½0;þ∞½3N

f ðλ;mÞwλ;mðx; tÞdγαðλ;mÞ; ðx; tÞ∈K:

It is well-known (see Refs. [8–11]) that the Fourier–Laguerre–Bessel transform F LB satisfies
the following properties.

Theorem 2.3. (Inversion formula). If f ∈L1
αðKÞ such that F LBðf Þ∈L1

γα
ð½0;þ∞½3NÞ, then

for all ðx; tÞ∈K we have

f ðx; tÞ ¼
Z

½0;þ∞½3N

F LBf ðλ;mÞwλ;mðx; tÞdγαðλ;mÞ:

Theorem 2.4. (Plancherel Theorem forF LB). The generalized Fourier transformF LB extends

to an isometric isomorphism from L2
αðKÞ. Onto L2

γα
ð½0;þ∞½3NÞ.

Proposition 2.5. For f ∈L1
αðKÞ; ðx; tÞ∈K and ðλ;mÞ∈ ½0;þ∞½3N, we have

F LB

�
T

ðαÞ
ðx;tÞf

�
ðλ;mÞ ¼ wλ;mðx; tÞF LBðf Þðλ;mÞ: (6)
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Remark 1. From (6) (see Ref. [14]), we get

F LB

�
T

ðαÞ
ðx;tÞf � f

�
ðλ;mÞ ¼ �wλ;mðx; tÞ � 1

�F LBðf Þðλ;mÞ: (7)

3. Main results
In order to give the main results, we begin with auxiliary results interesting in themselves.

Lemma 3.1. Let η > 0.

(1) The behavior in 0 of the kernel wλ,m could be expressed as follows:

wλ;mðx; tÞ ¼ 1� ðλtÞ2
4 αþ 1

2

� �� j λ;mj x2
4ðαþ 1Þ þ κα;mλ

2x4 þ o
�
j λ;mj 2j x; tj 4

�
; (8)

where κα;m ¼ m2

2ðαþ1Þðαþ2Þ þ m
2ðαþ2Þ þ 1

8
.

(2) There exists a constant C, such that if jλ, mjx2 < η, then

jwλ;mðx; tÞ � 1j≥Cjλ;mjx2: (9)

(3) There exist C > 0 such that for all ðx; tÞ∈K,

j λ;m j jx; tj2 < η 0 wλ;mðx; tÞ � 1
�� ��2 ≤Cjλ;mj2jx; tj4 (10)

(4) There exist C > 0 and A > 0 such that for all jx, tj2jλ, mj > A and ðx; tÞ∈K,

j wλ;mðx; tÞ � 1 j :≥C: (11)

Proof.

(1) From the relation (2) and (3), we have

Lα
mðxÞ ¼ 1�mþ αþ1

2

αþ 1
xþ m2

2ðαþ 1Þðαþ 2Þ þ
m

2ðαþ 2Þ þ
1

8

� �
x2 þ o

�
x2Þ: (12)

Then (i) could be deduced easily using the relation (1),(12) and the behavior in 0 of the
normalized Bessel function which states

jαðuÞ ¼ 1� 1

4ðαþ 1Þu
2 þ o

�
u2Þ:

(2) Using relations (8), we obtain

lim
jλ;mjx2→0

��wλ;mðx; tÞ � 1
��

jλ;mjx2
� �

¼ 1

4ðαþ 1Þ > 0;

which proves the wanted result.
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(3) Using relation (8).

(4) From ([6], Lemma 4.3), we have

lim
jλ;mj→þ∞

ψλ;mðx; tÞ ¼ 0;

where ψλ;mðx; tÞ ¼ eiλtLα
mðλx2Þ the Laguerre kernel, and from Ref. [12], we have the

asymptotic formula for the normalized Bessel function jα when x → þ ∞:

jαðxÞ ¼
Γðαþ 1Þ
Γ 1

2

� � 2

x

� �αþ1
2

cos x� ð2αþ 1Þ π
4

� �
þ o

1

x
3
2

� �
:

Hence as

wλ;mðx; tÞ ¼ jα−1
2
ðλtÞ 1

eiλt
ψλ;mðx; tÞ;

then limjλ,mj→þ∞wλ,m(x, t) 5 0, we get limjλ,mj→þ∞jwλ,m(x, t) � 1j 5 1, which completes the
proof. ,

Lemma 3.2. (Hausdorff-Young inequality) Let 1 < p ≤ 2. If f ∈Lp
αðKÞ, then

F LBf ∈Lq
γα
ð½0;þ∞½3NÞ and we have

kF LBfkγα;q ≤Ckfkp;α;

where the numbers p and q above are conjugate exponents:

1

p
þ 1

q
¼ 1:

Proof. By applying the Riesz–Thorin interpolation theorem to the elementary estimate [13]
and Plancherel theorem, we obtain the desired inequality. ,

Proposition 3.3. Let f be a function in Lp
αðKÞ, such that T

ðαÞ
ðx;tÞf−f

��� ���
p;α

¼ O xγð Þ for 1 < p ≤ 2

and 0 < γ ≤ 1. Then F LBf belongs to L
β
γα
ð½0;þ∞½3NÞ, where

ðαþ 2Þp
ðαþ 2Þðp� 1Þ þ γp

2

< β≤
p

p� 1
:

Proof. By proceeding similarly to theorem (Theorem 3.1 [6]). For fixed ðx; tÞ∈K, we have
using relations (7) and Lemma 3.2Z

½0;þ∞½3N

wλ;mðx; tÞ � 1
�� ��q F LBf ðλ;mÞj jqdγαðλ;mÞ ¼ O xγqð Þ:

Using relations (9), we getZ
B η

x2

jλ;mjq F LBf ðλ;mÞj jqdγα ≤x−2q
Z

B η

x2

wλ;mðx; tÞ � 1
�� ��q F LBf ðλ;mÞj jqdγα

≤Cxðγ−2Þq:
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Now, let β ≤ q. From H€older inequality, one getsZ
BX

jλ;mjβ F LBf ðλ;mÞj jβdγα ≤
Z

BX

����λ;mjq F LBf ðλ;mÞj jqdγα
� �β

q
Z

BX

1dγα

� �1−
β
q

:

Therefore Z
BX

jλ;mjβ F LBf ðλ;mÞj jβdγαðλ;mÞ ¼ O X
ð2−γÞq

2
β
qþðαþ2Þ 1−

β
qð Þ� �

: (13)

Recall that Bc
1 ¼ ð½0;þ∞½3NÞnB1. To get the theorem, it is enough to prove thatR

Bc
1
\BX

F LBf ðλ;mÞj jβdγαðλ;mÞ is bounded when X → þ∞. Therefore, we can writeZ
Bc
1
\BX

F LBf ðλ;mÞj jβdγαðλ;mÞ ¼ 1

22α−1Γ αþ 1
2

� � Xþ∞

m¼0

Lα
mð0ÞI ;

where I depend on m and X and has the expression

I ¼
Z X

4mþ2αþ2

1
4mþ2aþ2

F LBf ðλ;mÞj jβλ3αþ1dλ:

Then

I ¼
Z X

4mþ2αþ2

1
4mþ2αþ2

4mþ 2αþ 2ð Þjλ;m −βΦ’
m jλ;mjð Þdλ;��

where

Φm Xð Þ ¼
Z X

2mþ2aþ2

1
xmþ2aþ2

jλ;m β F LBf λ;mð Þj jβλ3αþ1dλ
��

Making a change of variables and an integration by parts, we get

I ¼ ΦmðXÞX−β þ β

Z X

1

t−β−1ΦmðtÞdt:

ConsequentlyZ
Bc
1
\BX

F LBf ðλ;mÞj jβdγαðλ;mÞ ¼ X−βψðXÞ þ β

Z X

1

t−β−1ψðtÞdt;

where

ψ Xð Þ ¼ 1

22α−1Γ αþ 1

2

� � Xþ∞

m¼0

Lα
m 0ð ÞΦm Xð Þ;

¼
Z

Bc
1
\BX

λ;m β F LBf λ;mð Þj jβdγαðλ;mÞ:����
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From relation (13), we haveZ
Bc
1
\BX

F LBf ðλ;mÞj jβdγαðλ;mÞ ¼ O X−βþ2−γ
2
βþðαþ2Þ 1−β

qð Þ� �

þO

Z X

1

t−β−1t
2−γ
2
βþðαþ2Þ 1−β

qð Þdt
� �

:

This is bounded as X → þ∞ if −β γ
2
þ αþ2

q

� �
þ ðαþ 2Þ < 0 that gives β > ðαþ2Þp

ðαþ2Þðp− 1Þþγp
2

. ,

Next we define the ψ -Laguerre–Bessel–Lipschitz class:

Definition 3.4. A function f is said to be in ψ -Laguerre–Bessel–Lipschitz class and is denoted
by Lipα(ψ , 2), if f belongs to L

2
αðKÞ and verifies, for all ðx; tÞ∈K

T
ðαÞ
ðx;tÞf � f

��� ���
2;α

¼ O ψðjx; tjÞð Þasjx; tj→ 0; (14)

where

(1) ψ (t) is a continuous increasing function on ½0;∞½.
(2) ψ (0) 5 0 and ψ (ts) 5 ψ (t)ψ (s) for all t; s∈ ½0;∞½.
(3)

R 1
h

0 sψ s−1ð Þds ¼ o 1
h2
ψ hð Þ

� �
as h→ 0.

Example 3.5. Let ψ (t)5 tγ, where 0 < γ < 1. In this case, the relation (14) is a generalization of
Lipschitz condition kf ðxþ hÞ− f ðxÞk ¼ O hγð Þ, and the ψ -Laguerre–Bessel–Lipschitz class
Lipα(ψ , 2), are called the Laguerre–Bessel–Lipschitz class Lipα(γ, 2).

Now, we are able to generalise the equivalence theorem.

Theorem 3.6. Let f ∈L2
αðKÞ, the following two conditions are equivalent:

(1) f ∈ Lipα(ψ , 2).

(2) Z
Bc
r

F LBf λ;mð Þj j2dγα λ;mð Þ ¼ o ψ r−1
� �� �

as r→ þ∞:

Proof. (i 0 ii): Let f ∈L2
αðKÞ from (i), we have

T
ðαÞ
ðx;tÞf−f

��� ���2
2;α
¼
Z

½0;þ∞½3N

wλ;mðx; tÞ � 1
�� ��2 F LBf ðλ;mÞj j2dγα:

Therefore, using relation (11), we haveZ
Bc

A

jx;tj2
F LBf ðλ;mÞj j2dγα ≤C

Z
Bc

A

jx;tj2
wλ;mðx; tÞ � 1
�� ��2 F LBf ðλ;mÞj j2dγα

≤C T
ðαÞ
ðx;tÞf−f

��� ���2
2;α
¼ O ψ

����x; tj2�� �
:

Consequently, (ii) holds.

AJMS



(ii 0 i): Denote r ¼ η

jx;tj2, by Plancherel theorem, we get

T
ðαÞ
ðx;tÞf−f

��� ���2
2;α
¼ I 1 þ I 2;

where

I 1 ¼
Z

Br

wλ;mðx; tÞ � 1
�� ��2 F LBf ðλ;mÞj j2dγαðλ;mÞ

and

I 2 ¼
Z

Bc
r

wλ;mðx; tÞ � 1
�� ��2 F LBf ðλ;mÞj j2dγαðλ;mÞ:

Using relation (5), we find that

I 2 ≤ 4

Z
Bc
r

F LBf ðλ;mÞj j2dγα ¼ o
�
ψ
�
r−1
�� ¼ o

�
ψ
����x; tj2��:

Denote

gðXÞ ¼
Z

∞

X

F LBf ðλ;mÞj j2λ3αþ1dλ;

then g0ðλÞ ¼ − F LBf ðλ;mÞj j2λ3αþ1. Using relation (10), which gives

I 1 ≤Cjx; tj4 1

22α−1Γ αþ 1
2

� � X∞
m¼0

Lα
mð0Þ

Z η

4κmjx;tj2
0

4κmð Þ2λ2 −g0ðλÞð Þdλ
 !

;

by integration by parts, we have

I 1 ≤Cjx; tj4 1

22α−1Γ αþ 1
2

� � X∞
m¼0

Lα
mð0Þ −

η2���x; tj4 g
η

4κm
���x; tj2

0
B@

1
CAþ 4κmð Þ2

Z η

4κmjx;tj2
0

2λgðλÞdλ

0
B@

1
CA:

Remark that

1

22α−1Γ αþ 1
2

� � X∞
m¼0

Lα
mð0Þg

R

4κm

� �
¼
Z

Bc
R

F LBf ðλ;mÞj j2dγα ¼ o
�
ψ
�
R−1
��
:

Making a change of variable, one gets

I 1 ≤o
�
ψ
����x; tj2��þ Cjx; tj4

Z η

jx;tj2
0

u
1

22α−1Γ αþ 1

2

� � X∞
m¼0

Lα
mð0Þg

u

4κm

� �
du

¼ o
�
ψ
����x; tj2��þ j x; tj 4

o

Z η

jx;tj2

0

uψ
�
u−1
�
du

 !

¼ o
�
ψ
����x; tj2��:

Analog of
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Then

T
ðαÞ
ðx;tÞf−f

��� ���2
2;α
¼ o
�
ψ
����x; tj2�� ¼ o

�
ψðjx; tjÞ2

�
as jx; tj→ 0:

,

We conclude this work by the following immediate consequence. It is analogous of
Titchmarsh theorem ([1], Theorem 85) is established for Laguerre–Bessel transform.

Corollary 3.7. Let ψ (t) 5 tγ, where 0 < γ < 1. The following two conditions are equivalent:

(1) f is in Laguerre–Bessel–Lipschitz class Lipα(γ, 2).

(2)
R
Bc
r
F LBf ðλ;mÞj j2dγαðλ;mÞ ¼ O r−γð Þ as r → þ∞.
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