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Abstract

Purpose –The goal of this paper is to give a comprehensive and short review on how to compute the first- and
second-order topological derivatives and potentially higher-order topological derivatives for partial differential
equation (PDE) constrained shape functionals.
Design/methodology/approach –The authors employ the adjoint and averaged adjoint variable within the
Lagrangian framework and compare three different adjoint-based methods to compute higher-order
topological derivatives. To illustrate the methodology proposed in this paper, the authors then apply the
methods to a linear elasticity model.
Findings – The authors compute the first- and second-order topological derivatives of the linear elasticity
model for various shape functionals in dimension two and three using Amstutz’method, the averaged adjoint
method and Delfour’s method.
Originality/value – In contrast to other contributions regarding this subject, the authors not only compute
the first- and second-order topological derivatives, but additionally give some insight on various methods and
compare their applicability and efficiency with respect to the underlying problem formulation.
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1. Introduction
In this paper we provide a review of techniques for the computation of the first- and second-
order topological derivatives. We compare and apply three techniques to the following model
problem: LetD⊂Rd, d5 2, 3, be a bounded and smooth domain. LetΓ⊂ vD,ΓNdvDn Γand
Γm ⊂ ΓN be given. The goal is it to compute the topological derivative of the cost functional

J ðΩÞ ¼ γf

Z
D

fΩ$uΩ dxþ γg

Z
D

j∇uΩ �∇udj2 dxþ γm

Z
Γm
juΩ � umj2 dS; (1.1)

γf, γg, γm∈R, γg5 γm5 0 in d5 2, ud ∈H 1ðDÞ, um∈ L2(Γm) subject to a design regionΩ⊂D

and the displacement field uΩ ∈H 1ðDÞd satisfies uΩjΓ5 uD and solves the equation of linear
elasticity Z

D

CΩeðuΩÞ : eðwÞ dx ¼
Z
D

fΩ$w dxþ
Z
ΓN
uN$w dS for allw∈H 1

ΓðDÞd; (1.2)
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where H 1
ΓðDÞddfw∈H 1ðDÞ : w ¼ 0 onΓg denotes the standard Sobolev space. Here,

uD ∈L2ðΓÞ, uN ∈L2ðΓN Þ are given functions and the coefficient functions CΩ, fΩ are defined
piecewise by

CΩ ¼ C1χΩ þ C2χDnΩ; fΩ ¼ f1χΩ þ f2χDnΩ; (1.3)

whereC1,C2 :R
d3d

→Rd3d are linear functions, f1; f2 ∈H 1ðDÞd \ C2ðBδðx0ÞÞd, δ> 0 and e(u)
denotes the symmetrised gradient of u, that is, eðuÞ ¼ 1

2
ð∇uþ ∇uuÞ.

Let x0 ∈D be a given point and ω ⊂ Rd a smooth open set containing the origin 0 ∈ ω.
Moreover, denote by ω«dx0þ «ω, « > 0 small the perturbation at x0 by the inclusion ω. We
are going to discuss the asymptotic expansion of J of a singularly perturbed domain by
adding the inclusion ωε ⊂Dn Ω to Ω, that is, Ω« 5 Ω ∪ ω« and x0 ∈Dn Ω. For the sake of
simplicity of the presentation, we are going to consider the caseΩ5∅. However, we note that
the other scenario whereΩ≠∅ andΩ«5Ω \ω« (i.e. x0∈Ω) can be treated in a similar fashion
leading only to minor changes in the presented derivations.

The topological derivative was first introduced in Eschenauer et al. (1994) and later
mathematically justified in Sokolowski and Zochowski (1999), Garreau et al. (2001) with an
application to linear elasticity. Follow-up works of many authors studied the asymptotic
behaviour of shape functionals for various partial differential equations (PDEs). For instance,
for Kirchhoff plates Amstutz and Novotny (2010), electrical impedance tomography
Hinterm€uller and Laurain (2008), Hinterm€uller et al. (2011), Maxwell’s equation Masmoudi
et al. (2005), Stokes’ equation Hassine and Masmoudi (2004) and elliptic variational
inequalities Hinterm€uller and Laurain (2011). We also refer to the monograph Novotny and
Sokolowski (2013) for more applications and references therein.

The idea of the topological derivative is to perturb the design variable with a singular
perturbation and study the asymptotic behaviour of the shape functional J . The asymptotic
expansion encodes information about the optimal topology of the design region and can be
used numerically either in an iterative level-set method Amstutz and Andr€a (2006) or one-
shot-type methods Hinterm€uller and Laurain (2008), Sokolowski and Zochowski (1999) to
obtain an optimal topology of the design region (in the sense of stationary points). Higher-
order topological derivatives are a viable means to improve the accuracy of one-shot-type
methods as done in Hinterm€uller and Laurain (2008), Bonnet and Cornaggia (2017). Finally,
let us alsomention a one-shot Newton-typemethod as described in Chapter 10 of Novotny and
Sokołowski (2019) using higher-order topological expansions. The idea is to consider m
inclusions (typically ball-shaped) at the same time and compute their topological expansion.
This expansion is then used to solve a Newton-type equation leading to an efficient and
robust way to determine inclusions (also called anomalities, inhomogeneities or obstacles)
even when noise is present. An application to electrical impedance tomography can be found
in Hinterm€uller et al. (2011), Canelas et al. (2015) and (Novotny and Sokołowski, 2019, Chap.
11). We refer to (Novotny and Sokołowski, 2019, Chap. 10) and references therein for further
applications, such as inverse conductivity, electromagnetic casting and obstacle
reconstruction.

Higher-order topological derivatives are less studied, but have been computed for several
problems. For instance, in Hinterm€uller and Laurain (2008), second-order topological
derivatives for an electrical impedance tomography problem are studied. In Bonnet (2018),
higher-order topological derivatives in dimension two for linear elasticity using themethod of
Novotny et al. (2003) are established. In Bonnet and Cornaggia (2017), the expansion of higher-
order topological derivatives for a least square misfit function for linear elasticity in
dimension three exploiting a Green’s function is established. In Bonnet (2018), a similar misfit
function subject to a scattering problem is expanded.
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The first ingredient to compute higher topological derivatives is the asymptotic behaviour
of the solution of the state equation, in our concrete example this is Equation (1.2). The second
ingredient is an expansion of the shape function and is mostly, although not necessary, done
via the introduction of an adjoint variable. As is well known from optimal control and shape
optimisation theory (see, e.g. Hinze et al., 2009; Ito and Kunisch, 2008), the advantage of using
an adjoint variable is the numerically efficient computation of the topological derivative.
First-order topological derivatives for ball inclusions and linear problems can be computed
solely from the knowledge of the state variable and the adjoint state variable; see, for example,
in Sokolowski and Zochowski (1999). For higher-order topological derivatives in most cases,
additional exterior partial differential equations, so-called corrector equations, have to be
solved, although in some cases these can also be solved explicitly; Hinterm€uller and
Laurain (2008).

While most papers deal with linear partial differential equations, also nonlinear partial
differential equations have been studied. We refer to Iguernane et al. (2009), Beretta et al.
(2017), Sturm (2020), Amstutz (2006b) for the study of first-order topological derivatives for
semilinear elliptic partial differential equations. To the authors’ knowledge, there is no
research for higher-order topological derivatives for these equations and thus remains an
open and challenging topic. Also, quasi-linear problems have been studied first in Amstutz
and Bonnaf�e (2017) andmore recently in Gangl and Sturm (2020a), Amstutz andGangl (2019),
Gangl and Sturm (2021). In particular in Gangl and Sturm (2020a), a projection trick is used to
avoid the use of a fundamental solution, which is in contrast to most works on semilinear
partial differential equations.

An establishedmethod to compute the topological derivative and higher derivatives is the
method of Amstutz (2003). It amounts to study the asymptotic behaviour of a perturbed
adjoint equation, which depends on the unperturbed state equations. It has been used in some
of the papers mentioned above such as Masmoudi et al. (2005), Hassine and Masmoudi (2004)
and also Amstutz (2006a, b), to only mention a few. The advantage of the method is that it
simplifies the computation of the topological derivative compared to a direct computation of
the topological derivative by expanding the cost function with Taylor’s expansion.

A second method, which has been introduced in the context of shape optimisation and the
computation of shape derivatives, was used in Sturm (2020) to compute topological
derivatives for semilinear problems. It has been extended in Gangl and Sturm (2020a) to
compute topological derivatives for quasi-linear problems. In contrast to Amstutz’ method,
the averaged adjoint variable also depends on the perturbed state equation, which makes the
anaylsis of the asymptotic behaviour of the adjoint variable more challenging. However, the
advantage is that it seems to be readily applicable to a wide range of cost functions, and also
the computation of the final formula for higher-order topological derivatives is straight
forward once the asymptotics of the averaged adjoint variable is known.

A third method was introduced in Delfour (2018) and uses the usual unperturbed adjoint
variable. The advantage is that no analysis of a perturbed adjoint variable is required, but, as
shown in Gangl and Sturm (2020a), it seems to be more difficult to apply this method to
certain cost functions, such as the L2-tracking-type cost functions.

Finally, let us mention the method of Novotny et al. (2003), where a method to compute the
topological derivatives is proposed as the limit of the shape derivative. This method is not
always applicable, but it provides a fast method to compute also higher-order topological
derivatives; see Silva et al. (2010).

In this paper we thoroughly study and review the first three mentioned methods and
apply them to the model problem of linear elasticity introduced in (1.2). We first exam the
asymptotic behaviour of (1.2) up to order two and then study the asymptotic behaviour of
Amstutz’ perturbed adjoint variable and the averaged adjoint variable. We then apply the
three methods to compute first- and second-order topological derivatives for three types of
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cost functions, the compliance, a boundary tracking-type cost function and a tracking-type
cost function of the gradient.

1.1 Structure of the paper
In Section 2, we discuss three different teqhniques to compute the topological derivative.
This is done by introducing the Lagrangian setting, which simplifies the notation. In
Section 3, we derive the complete asymptotic analysis for a linear elasticity model
including remainder estimates. The section covers both the two-dimensional and three-
dimensional cases, whose analysis differs since the fundamental solution of the linear
elasticity equation has a different asymptotic behaviour. In Section 4, we derive the
asymptotic analysis for the adjoint and averaged adjoint variable, respectively. This is
done in a similar fashion to Section 3. In Section 5, we employ the previously
derived results to compute the topological derivative. That is, we apply the
theoretical background derived in Section 2 to our elasticity model and a versatile cost
function.

1.2 Notation
In the whole paper we denote byW 1

pðDÞ (resp. their vector-valued counter parts byW 1
pðDÞd)

for 1 ≤ p ≤ ∞ standard Sobolev spaces equipped with the usual norm. The gradient of a

function w∈W 1
pðDÞ (resp. w∈W 1

pðDÞd) will be denoted ∇w. Directional derivatives of

functions f :U⊂E→R at x∈E defined on an open subsetU⊂E of a Banach spaceEwill be
denoted by vf(x)(v), x∈U, v∈Ewhenever it exists. Similarly for functions (u, v)↦ f(u, v) :E3
F→R,we denote their partial derivative with respect to the first (resp. second) argument by
vuf(x1, x2)(v) (resp. vvf(x1, x2)(w)). We further define for 1 < p < ∞

BLp

�
Rd

�d

d
n
w∈W 1

p;locðDÞd : ∇w∈LpðDÞd3 d
o
:

Then we define the Beppo-Levi space _BLpðRdÞddBLðRdÞd=R equipped with

k½w�k _BLpðRdÞddk∇wk
LpðRdÞd3 d, w ∈ [w], ½w�∈ _BLpðRdÞd. Here /R means that we quotient out

constants.
The Euclidean norm on Rd will be denoted as j$j and the corresponding operator norm

Rd3d will be also denoted as j$j. The Euclidean ball of radius r > 0 located at x0 ∈ Rd will
be denoted as Br(x0). Additionally, for a domainΩwith sufficiently smooth boundary vΩ, we
denote the outer normal vector as n. The Slobodeckij seminorm j$j

H
1
2ðΩÞ forΩ⊂Rd is defined

by

juj
H

1
2ðΩÞd

Z
Ω

Z
Ω

���uðxÞ � uðyÞj2���x� yjdþ1
dxdy

0B@
1CA

1
2

:

For conveniencewewill later on use the abbreviated notation of the averaged integral defined
as

−

Z
Ω
f dxd

1

jΩj
Z
Ω
f dx;

for a bounded set Ω ⊂ Rd.
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2. Lagrangian techniques to compute the topological derivative
In this section we review Lagrangian techniques to compute topological derivatives. While it
is well established in optimisation algorithms to compute derivatives of PDE constrained
problems with the help of Lagrangians, it seems rather new to the topology optimisation
community. However, we will show that actually Amustutz’s method can be interpreted as a
Lagrangian approach by introducing a suitable Lagrangian function and recasting his
original result in terms of this Lagrangian. More recently, another Lagrangian approach was
proposed in Delfour and Sturm (2016), where essentially an extra term appears when
differentiating the Lagrangian function. Finally, we will review Delfour’s approach of
(Delfour, 2018, Thm.3.3) using only the unperturbed adjoint state variable.

2.1 Abstract setting
Let V;W be real Hilbert spaces. For all parameter « ≥ 0 small consider a function uε ∈V
solving the variational problem of the form

aεðuε;wÞ ¼ fεðwÞ for allw∈W; (2.1)

where a« is a bilinear form on V3W and f« is a linear form onW, respectively. Throughout
we assume that this abstract state equation admits a unique solution and that uε − u0 ∈W for
all «, where u0 ∈V denotes the unperturbed state variable satisfying

a0ðu0;wÞ ¼ f0ðwÞ for allw∈W; (2.2)

and a0, f0 are the unperturbed counterparts to the bilinear form a« and linear form f«,
respectively. Consider now a cost function

jðεÞ ¼ JεðuεÞ∈R; (2.3)

where for all «≥ 0, the functional Jε : V→R is differentiable at u0. In the following sectionswe
review methods how to obtain an asymptotic expansion of j(«) at «5 0. For this purpose we
introduce the Lagrangian function

Lðε; u; vÞ ¼ JεðuÞ þ aεðu; vÞ � fεðvÞ; u∈V; v∈W:

2.2 Amstutz’ method
We first review the approach of Amstutz (2003); see also (Amstutz, 2006a, Prop. 2.1). This
approach has been proved to be versatile and has been applied to a number of linear and non-
linear problems. For instance, in Amstutz (2006a) a linear transmission problem was
examined and its first-order topological derivative was computed. In Amstutz et al. (2014), the
topological derivative of elliptic differentiation equations with 2m differential operator was
derived. In Amstutz (2006b), the topological derivative for a class of certain non-linear
equations has been studied.

Proposition 2.1. (Amstutz, 2006a, Prop. 2.1). Assume that the following
hypotheses hold.

(1) There exist numbers δa(1) and δf(1) and a function ‘1 : R
þ
→ Rþ with lim

εa0
‘1ðεÞ ¼ 0,

such that

ðaε � a0Þðu0; pεÞ ¼ ‘1ðεÞδað1Þ þ oð‘1ðεÞÞ; (2.4)

ðfε � f0ÞðpεÞ ¼ ‘1ðεÞδf ð1Þ þ oð‘1ðεÞÞ; (2.5)
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where pε ∈W is the adjoint state satisfying

aεðw; pεÞ ¼ −vJεðu0ÞðwÞ for allw∈V: (2.6)

(2) There exist two numbers δJ ð1Þ1 and δJ ð1Þ2 , such that

JεðuεÞ ¼ Jεðu0Þ þ vJεðu0Þðuε � u0Þ þ ‘1ðεÞδJ ð1Þ1 þ oð‘1ðεÞÞ; (2.7)

Jεðu0Þ ¼ J0ðu0Þ þ ‘1ðεÞδJ ð1Þ2 þ oð‘1ðεÞÞ: (2.8)

Then the following expansion holds

jðεÞ ¼ jð0Þ þ ‘1ðεÞ
�
δa� δf ð1Þ þ δJ ð1Þ1 þ δJ ð1Þ2

�
þ oð‘1ðεÞÞ: (2.9)

We will reformulate and generalise the previous result in terms of a Lagrangian function
Lðε; u; vÞ and additionally state a result for the second-order derivative. Therefore, note
that p0 ∈W denotes the unperturbed adjoint state variable satisfying

a0ðw; p0Þ ¼ −vJεðu0ÞðwÞ for allw∈V: (2.10)

Proposition 2.2.

(1) Let ‘1 : R
þ
→ Rþ be a function with lim

εa0
‘1ðεÞ ¼ 0. Furthermore, assume that the

limits

Rð1Þðu0; p0Þ dlim
εa0

Lðε; uε; pεÞ � Lðε; u0; pεÞ
‘1ðεÞ ; (2.11)

v
ð1Þ
‘ Lð0; u0; p0Þ dlim

εa0

Lðε; u0; pεÞ � Lð0; u0; pεÞ
‘1ðεÞ ; (2.12)

exist. Then we have the following expansion:

jðεÞ ¼ jð0Þ þ ‘1ðεÞ
�
Rð1Þðu0; p0Þ þ v

ð1Þ
‘ Lð0; u0; p0Þ

�
þ oð‘1ðεÞÞ: (2.13)

In particular, Rð1Þðu0; p0Þ þ v
ð1Þ
‘ Lð0; u0; p0Þ ¼ δað1Þ − δf ð1Þ þ δJ ð1Þ1 þ δJ ð1Þ2 , where δa(1),

δf(1), δJ ð1Þ1 ; δJ ð1Þ2 are as in Proposition 2.1.

(2) Let ‘2 : Rþ
→ Rþ be a function with lim

εa0

‘2ðεÞ
‘1ðεÞ ¼ 0. Furthermore, assume that the

assumptions under (1) hold and that the limits

Rð2Þðu0; p0Þ dlim
εa0

Lðε; uε; pεÞ � Lðε; u0; pεÞ � ‘1ðεÞRð1Þðu0; p0Þ
‘2ðεÞ ; (2.14)

v
ð2Þ
‘ Lð0; u0; p0Þ dlim

εa0

Lðε; u0; pεÞ � Lð0; u0; pεÞ � ‘1ðεÞvð1Þ‘ Lð0; u0; p0Þ
‘2ðεÞ ; (2.15)

exist. Then we have the following expansion
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jðεÞ ¼ jð0Þ þ ‘1ðεÞ
�
Rð1Þðu0; p0Þ þ v

ð1Þ
‘ Lð0; u0; p0Þ

�
þ ‘2ðεÞ

�
Rð2Þðu0; p0Þ

þ v
ð2Þ
‘ Lð0; u0; p0Þ

�
þ oð‘2ðεÞÞ:

Proof. ad (1): Using that Lðε; uε; 0Þ ¼ Lðε; uε; pεÞ and Lð0; u0; pεÞ ¼ Lð0; u0; 0Þwe get.
jðεÞ � jð0Þ ¼ Lðε; uε; 0Þ � Lð0; u0; 0Þ (2.16)

¼ Lðε; uε; pεÞ � Lðε; u0; pεÞ (2.17)

þ Lðε; u0; pεÞ � Lð0; u0; pεÞ: (2.18)

Now, the result follows by dividing by ‘1(«) for « > 0 and passing to the limit « a 0.
ad (2): This follows the same lines as the proof of item (1) and is left to the reader. ,

Remark 2.3.

(1) Checking the expansions (2.12), (2.15) in applications usually requires some regularity
of the state u0 and knowledge of the asymptotics of the adjoint state p« on a small
domain of size «.

(2) The computation of the asymptotic expansions (2.11), (2.14) requires the study of the
asymptotic behaviour of u« on the whole domain D. This often causes problems,
especially in dimension two. The reader will find an application of this method in
Section 5.1.

2.3 Averaged adjoint method
Another approach to compute topological derivatives was proposed in Sturm (2020) and
applied to non-linear problems in Gangl and Sturm (2020a), Sturm (2020), Gangl and Sturm
(2021) and used for the optimisation on surfaces in Gangl and Sturm (2020b). Recall the
Lagrangian function

Lðε; u; vÞ ¼ JεðuÞ þ aεðu; vÞ � fεðvÞ; u∈V; v∈W: (2.19)

We henceforth assume that for all ðw; qÞ∈V3W and « ≥ 0 the function

s ↦ vuLðε; suε þ ð1� sÞu0; qÞðwÞ : ½0; 1�→R (2.20)

is continuously differentiable. With the Lagrangian we can define the averaged adjoint
equation associated with state variables u« (solution of (2.1) for « > 0) and u0 (solution of (2.1)
for « 5 0): find qε ∈W, such thatZ 1

0

vuLðε; suε þ ð1� sÞu0; qεÞðwÞ ds ¼ 0 for allw∈V: (2.21)

In addition, plugging w5 u«� u0 into (2.22), one obtains Lðε; uε; 0Þ ¼ Lðε; u0; qεÞ for « > 0,
so the Lagrangian only depends on the unperturbed state u0 and the averaged adjoint
variable q«. We henceforth assume that the averaged adjoint equation admits a unique
solution and denote as q0 the unperturbed averaged adjoint state satisfyingZ 1

0

vuLð0; su0 þ ð1� sÞu0; q0ÞðwÞ ds ¼ 0 for allw∈V: (2.22)
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Proposition 2.4.

(1) Let ‘1 : R
þ
→ Rþ be a function with lim

εa0
‘1ðεÞ ¼ 0. Furthermore, assume that the

limits

Rð1Þðu0; q0Þ dlim
εa0

Lðε; u0; qεÞ � Lðε; u0; q0Þ
‘1ðεÞ ; (2.23)

v
ð1Þ
‘ Lð0; u0; q0Þ dlim

εa0

Lðε; u0; q0Þ � Lð0; u0; q0Þ
‘1ðεÞ ; (2.24)

exist. Then we have the following expansion

jðεÞ ¼ jð0Þ þ ‘1ðεÞ
�
Rð1Þðu0; q0Þ þ v

ð1Þ
‘ Lð0; u0; q0Þ

�
þ oð‘1ðεÞÞ: (2.25)

(2) Let ‘2 : R
þ
→ Rþ be a function with lim

εa0

‘2ðεÞ
‘1ðεÞ ¼ 0. Furthermore, assume that the

assumption under (1) holds and the limits

Rð2Þðu0; q0Þ dlim
εa0

Lðε; u0; qεÞ � Lðε; u0; q0Þ � ‘1ðεÞRð1Þðu0; q0Þ
‘2ðεÞ ; (2.26)

v
ð2Þ
‘ Lð0; u0; q0Þ dlim

εa0

Lðε; u0; q0Þ � Lð0; u0; q0Þ � ‘1ðεÞvð1Þ‘ Lð0; u0; q0Þ
‘2ðεÞ ; (2.27)

exist. Then we have the following expansion

jðεÞ ¼ jð0Þ þ ‘1ðεÞ
�
Rð1Þðu0; q0Þ þ v

ð1Þ
‘ Lð0; u0; q0Þ

�
þ ‘2ðεÞ

�
Rð2Þðu0; q0Þ

þ v
ð2Þ
‘ Lð0; u0; q0Þ

�
þ oð‘2ðεÞÞ:

Proof. ad (1): Recalling Lðε; uε; 0Þ ¼ Lðε; u0; qεÞwe have
jðεÞ � jð0Þ ¼ Lðε; uε; 0Þ � Lð0; u0; 0Þ

¼ Lðε; u0; qεÞ � Lð0; u0; q0Þ
¼ Lðε; u0; qεÞ � Lðε; u0; q0Þ þ Lðε; u0; q0Þ � Lð0; u0; q0Þ:

Dividing by ‘1(«) for « > 0 and passing to the limit « a 0 yields the result.
ad (2): Similar to item (1). ,

The previous result can be readily generalised to compute the nth-order topological
derivative as shown in the following proposition.

Proposition 2.5. (nth topological derivative).Assume that the following hypotheses hold.

(1) There exist numbers δa(i) and δf(i), i 5 1, 2, . . ., n and a function ‘1 : R
þ
→ Rþ with

lim
εa0

‘1ðεÞ ¼ 0, such that

ðaε � a0Þðu0; q0Þ ¼ ‘1ðεÞ
Xn−1
i¼0

εiδaðiþ1Þ þ oðεn‘1ðεÞÞ; (2.28)
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ðfε � f0Þðu0Þ ¼ ‘1ðεÞ
Xn−1
i¼0

εiδf ðiþ1Þ þ oðεn‘1ðεÞÞ; (2.29)

ðJε � J0Þðu0Þ ¼ ‘1ðεÞ
Xn−1
i¼0

εiδJ ðiþ1Þ þ oðεn‘1ðεÞÞ; (2.30)

(2) There exist numbers δA(i) and δF(i), i 5 1, 2, . . ., n, such that

ðaε � a0Þðu0; qε � q0Þ ¼ ‘1ðεÞ
Xn−1
i¼0

εiδAðiþ1Þ þ oðεn‘1ðεÞÞ; (2.31)

ðfε � f0Þðqε � q0Þ ¼ ‘1ðεÞ
Xn−1
i¼0

εiδF ðiþ1Þ þ oðεn‘1ðεÞÞ; (2.32)

where qε ∈V is the averaged adjoint state satisfying

aεðw; vεÞ ¼ −

Z 1

0

vJεðsuε þ ð1� sÞu0ÞðwÞ ds for allw∈W: (2.33)

Then the following expansion holds

JεðuεÞ ¼ J0ðu0Þ þ ‘1ðεÞ
Xn−1
i¼0

εi
�
δaðiþ1Þ � δf ðiþ1Þ þ δAðiþ1Þ � δF ðiþ1Þ�þ oðεn‘1ðεÞÞ: (2.34)

Proof. Similar to the proof of Proposition 2.4, we write

JεðuεÞ � J0ðu0Þ ¼ Lðε; u0; qεÞ � Lðε; u0; q0Þ þ Lðε; u0; q0Þ � Lð0; u0; q0Þ: (2.35)

The second term on the right-hand side reads

Lðε; u0; q0Þ � Lð0; u0; q0Þ ¼ ðJε � J0Þðu0Þ þ ðaε � a0Þðu0; q0Þ � ðfε � f0Þðu0Þ: (2.36)

So using (2.28)–(2.30), we can expand each difference in this expression. As for the first
difference on right-hand side, one has

Lðε; u0; qεÞ � Lðε; u0; q0Þ ¼ ðaε � a0Þðu0; qε � q0Þ � ðfε � f0Þðqε � q0Þ
þa0ðu0; qε � q0Þ � f0ðqε � q0Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

¼0

:

Therefore, employing (2.31), (2.32), we can also expand these two differences and obtain
the claimed formula (2.34). ,

Remark 2.6.

(1) Checking the expansions (2.24), (2.27) in applications usually requires some regularity
of the state u0 and adjoint state q05 p0. However, the computation of this expansion is
a straightforward application of Taylor’s formula. The reader will find an application
in Section 5.2
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(2) The computation of the asymptotic expansions (2.23), (2.26) requires the study of the
asymptotic behaviour of q« and therefore also of u«. This is the most difficult part and
can be done by the compounded layer expansion involving corrector equations (see
for instance, Mazya et al., 2000b; Mazya et al., 2000a) as is presented in Section 4.2

2.4 Delfour’s method
In this section we discuss amethod proposed byM.C. Delfour in (Delfour, 2018, Thm.3.3). The
definite advantage is that it uses the unperturbed adjoint equation and only requires the
asymptotic analysis of the state equation, but it seems to come with the shortcoming that it is
only applicable to certain cost functions; see Gangl and Sturm (2020a). As before, we letLbe a
Lagrangian function and denote as u« the perturbed state equation (solution to (2.1) for «≥ 0)
and p0 the unperturbed adjoint equation (solution to (2.6) for «5 0). Using the perturbed state
and the unperturbed adjoint equation, Delfour proposed the following result for computing
the first-order topological derivative, where we also incorparate the second-order topological
derivative.

Proposition 2.7. (Delfour, 2018).

(1) Let ‘1 : R
þ
→ Rþ be a function with ‘1 ≥ 0 and lim

εa0
‘1ðεÞ ¼ 0. Furthermore, assume

that the limits

Rð1Þ
1 ðu0; p0Þd lim

εa0

1

‘1ðεÞ Lðε; uε; p0Þ � Lðε; u0; p0Þ � Lðε; u0; p0Þðuε � u0Þ½ �; (2.37)

Rð1Þ
2 ðu0; p0Þd lim

εa0

1

‘1ðεÞ ðvuLðε; u0; p0Þ � vuLð0; u0; p0ÞÞðuε � u0Þ; (2.38)

v
ð1Þ
‘ Lð0; u0; p0Þd lim

εa0

1

‘1ðεÞ ðLðε; u0; p0Þ � Lð0; u0; p0ÞÞ; (2.39)

exist. Then the following expansion holds:

jðεÞ ¼ jð0Þ þ ‘1ðεÞ
�
Rð1Þ

1 ðu0; p0Þ þ Rð1Þ
2 ðu0; p0Þ þ v

ð1Þ
‘ Lð0; u0; p0Þ

�
þ oð‘1ðεÞÞ: (2.40)

(2) Let ‘2 : R
þ
→ Rþ be a function with ‘2 ≥ 0 and lim

εa0

‘2ðεÞ
‘1ðεÞ ¼ 0. Furthermore, assume

that the assumptions under (1) hold and that the limits

Rð2Þ
1 ðu0; p0Þd lim

εa0

1

‘2ðεÞ Lðε; uε; p0Þ � Lðε; u0; p0Þ � Lðε; u0; p0Þðuε � u0Þ½

�‘1ðεÞRð1Þ
1 ðu0; p0Þ

i
;

(2.41)

Rð2Þ
2 ðu0; p0Þd lim

εa0

1

‘2ðεÞ ðvuLðε; u0; p0Þ � vuLð0; u0; p0ÞÞðuε � u0Þ½

�‘1ðεÞRð1Þ
2 ðu0; p0Þ

i
;

(2.42)
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v
ð2Þ
‘ Lð0; u0; p0Þdlim

εa0

1

‘2ðεÞ Lðε; u0; p0Þ � Lð0; u0; p0Þ � ‘1ðεÞvð1Þ‘ Lð0; u0; p0Þ
h i

; (2.43)

exist. Then, we have the following expansion:

jðεÞ ¼ jð0Þ þ ‘1ðεÞ
�
Rð1Þ

1 ðu0; p0Þ þ Rð1Þ
2 ðu0; p0Þ þ v

ð1Þ
‘ Lð0; u0; p0Þ

�
þ ‘2ðεÞ

�
Rð2Þ

1 ðu0; p0Þ þ Rð2Þ
2 ðu0; p0Þ þ v

ð2Þ
‘ Lð0; u0; p0Þ

�
þ oð‘2ðεÞÞ: (2.44)

Proof. ad (1): Firstly, note that by definition the unperturbed adjoint state p0 satisfies

vuLð0; u0; p0ÞðwÞ ¼ 0 forw∈W:

Thus, we can write j(«) � j(0) in the following way:

jðεÞ � jð0Þ ¼ Lðε; uε; 0Þ � Lð0; u0; 0Þ
¼ Lðε; uε; p0Þ � Lð0; u0; p0Þ
¼ Lðε; uε; p0Þ � Lðε; u0; p0Þ � vuLðε; u0; p0Þðuε � u0Þ
þ vuLðε; u0; p0Þðuε � u0Þ � vuLð0; u0; p0Þðuε � u0Þ
þ Lðε; u0; p0Þ � Lð0; u0; p0Þ:

(2.45)

Now, dividing by ‘1(«), « > 0 and passing to the limit « a 0 yield the result.
ad (2): This can be shown similarly to (1). ,

Remark 2.8. Similarly to Amstutz’method and the averaged adjoint method, Delfour’s
method requires the asymptotic behaviour of u« on the whole domain to
compute (2.37), (2.41). This may be challenging in the analysis in
dimension two for some cost functionals. Additionally, (2.38), (2.42) can be
checked by smoothness assumptions on p0 and u0 and the knowledge of
the asymptotics of u« on a small subset of size «. The remaining terms
(2.39), (2.43) usually are computed making use of Taylor’s expansion of u0
and p0, respectively.

2.4.1 Overview of the employed adjoint equations. The methods reviewed in the previous
sections make use of three different adjoint equations. The method of Amstutz (2006a) uses
an adjoint equation which depends on the unperturbed state variable:

pε ∈W : vuLðε; u0; pεÞðwÞ ¼ 0 for allw∈V:
Delfour’s method uses the unperturbed adjoint equation:

p0 ∈W : vuLð0; u0; p0ÞðwÞ ¼ 0 for allw∈V:
Finally, there is the averaged adjoint method, which employs the averaged adjoint equation
Sturm (2015) and Delfour and Sturm (2016):

qε ∈W :

Z 1

0

vuLðε; suε þ ð1� sÞu0; qεÞðwÞ ds ¼ 0 for allw∈V:
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3. Analysis of the perturbed state equation
Let Ω ⊂ D open, ω ⊂ Rd be a bounded domain containing the origin 0 ∈ ω and let x0 ∈D.
Moreover, we define the perturbation ω«dx0 þ «ω for « ≥ 0 at x0. Consider the perturbed

state solution of (1.2) for Ω 5 ω«, that is, find uε ∈H 1ðDÞd, such that u«jΓ 5 uD andZ
D

CωεeðuεÞ : eðwÞ dx ¼
Z
D

fωε$w dxþ
Z
ΓN
uN$w dS for allw∈H 1

ΓðDÞd: (3.1)

In the following sections we are going to derive the asymptotic expansion of u« using the
compounded layermethod; see,Mazya et al. (2000a, b).We note that this expansion has already
been computed in Bonnet and Cornaggia (2017) by means of Green’s function and earlier in
Ammari et al. (2002) for fΩ5 0. In the following two sections we state some preliminary results
regarding the scaling of inequalities and remainder estimates, which will be needed later on.

3.1 Scaling of inequalities
In this sectionwediscuss the influence of a parametrised affine transformationΦ« :R

d
→Rd onto

norms and the scaling behaviour of somewell-known inequalitieswith respect to that parameter.

Definition 3.1. For « > 0 we define the inflation ofDbyDεdΦ−1
ε ðDÞ, where the affine

linear transformation Φ« is given by Φ«(x)dx0 þ «x, for a fixed
point x0 ∈D.

For convenience, we denote the inflated boundary ΓεdΦ−1
ε ðΓÞ as well as ΓN ;εdΦ−1

ε ðΓN Þ
and Γm;εdΦ−1

ε ðΓmÞ. Since Φ« is a bi-Lipschitz continuous map, it holds w∈H 1
ΓðDÞd if and

only if wBΦε ∈H 1
Γε
ðDεÞd; see (Ziemer, 1989, p. 52, Thm.2.2.2). Furthermore, since the

transformation Φ« leads to a sclaing of the H1 norm, we use the following notation.

Definition 3.2. For « > 0 and w∈H 1ðDεÞd let
kwkεdεkwkL2ðDεÞd þ k:∇wkL2ðDεÞd3 d: (3.2)

Lemma 3.3. Let D⊂Rd be a bounded Lipschitz domain and let « > 0.

(1) For 1 ≤ p < ∞ and w∈LpðDεÞd there holds
ε
d
pkwkLpðDεÞd ¼ kw 8 Φ−1

ε kLpðDÞd: (3.3)

(2) For 1 ≤ p < ∞ and w∈W 1
pðDεÞd there holds

ε
d
p−1k:∇wk

LpðDεÞd3 d ¼ k:∇�w 8 Φ−1
ε

�k
LpðDÞd3 d: (3.4)

(3) For w∈H 1ðDεÞd there holds
kw 8 Φ−1

ε k
H1ðDÞd ¼ ε

d
2
−1kwkε: (3.5)

Proof.

(1) A change of variables yields

kwkp
LpðDεÞd ¼ ε−d

Z
D

jw 8 Φ−1
ε jp dx ¼ ε−dkw 8 Φ−1

ε kp
LpðDÞd ; (3.6)

where we used jdetð∇Φ−1
ε Þj ¼ ε−d.
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(2) Taking into account that ∇ðw 8 Φ−1
ε Þ ¼ ε−1∇w 8 Φ−1

ε , a change of variables yields

k∇wkp
LpðDεÞd3 d ¼ ε−d

R
D

��∇w 8 Φ−1
ε jp dx ¼ ε−dεp

Z
D

��∇�w 8 Φ−1
ε

�jp dx ¼ εp−d
��∇�w 8 Φ−1

ε

�kp
LpðDÞd3 d :

(3.7)

(3) This follows from item (1) and (2). ,

Lemma3.4. LetD⊂Rd be a bounded Lipschitz domain, Γ⊂ vDand let «> 0. Recall the

definitions Dε ¼ Φ−1
ε ðDÞ and Γε ¼ Φ−1

ε ðΓÞ.
(1) For 1 ≤ p ≤ q ≤ ∞, there exists a constant C > 0, such that

kwkLpðDεÞd ≤Cε
d
q−

d
pkwkLqðDεÞd: (3.8)

(2) Let d≥ 3 and 2* denote the Sobolev conjugate of 2. There exists a constantC>0, such
that

kwkL2*ðDεÞd ≤Ckwkε: (3.9)

(3) Let d5 2 and α > 0 small. There exists a constant C > 0 and δ > 0 small, such that

kwkLð2�δÞ*ðDεÞd ≤Cε−αkwkε: (3.10)

(4) For w∈H 1ðDεÞd we have
kwk

L2ðΓεÞd ≤Cε−
1
2kwkε: (3.11)

(5) Given a smooth connected domain Γ⊂ vD, there is a continuous extension operator

ZΓε : H
1
2ðΓεÞd →H 1ðDεÞd, such that

kZΓεðwÞkε ≤Cðε12kwkL2ðΓεÞd þ jwj
H

1
2ðΓεÞd

Þ; for allw∈H
1
2ðΓεÞd; (3.12)

where C > 0 is independent of «.

(6) Let Γ⊂ vD have positive measure. There exists a constant C > 0, such that

kwkL2ðDεÞd ≤Cε−1k∇wkL2ðDεÞd3 d; for allw∈H 1
ΓεðDεÞd: (3.13)

Proof.

(1) This is a direct consequence of Lemma 3.3 item (1).

(2) We use Lemma 3.3 item (1) and (2) and apply the Gagliardo–Nirenberg inequality
(Evans, 2010, p. 265, Thm. 2) to the bounded domain D.
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kwkL
2*

ðDεÞd ¼ ε
− d

2*kw 8 Φ−1
ε kL

2*
ðDÞd

≤ Cε
− d

2*kw 8 Φ−1
ε kH1ðDÞd

¼ Cε
d
2
− d

2*
−1

kwkε:

(3.14)

Now the result follows from d
2−

d

2*
¼ 1.

(3) We apply the Gagliardo–Nirenberg inequality with respect to pd2� δ < 2 and use
the continuous embedding L2ðDÞ↪L2−δðDÞ on the bounded domain D:

kwkL
ð2�δÞ*

ðDεÞd ¼ ε
− 2
ð2−δÞ*kw 8 Φ−1

ε kL
ð2�δÞ*

ðDÞd

≤ Cε
− 2

ð2−δÞ*
����w 8 Φ−1

ε kLð2�δÞðDÞd þ
���∇�w 8 Φ−1

ε

�kLð2�δÞðDÞd3 d

�
≤ Cε

− 2

ð2−δÞ*
����w 8 Φ−1

ε kL2ðDÞd þ
���∇�w 8 Φ−1

ε

�kL2ðDÞd3 d

�
¼ Cε

− 2

ð2−δÞ*kwkε:

(3.15)

Since (2 � δ)* diverges to ∞ as δ a 0, the result follows.

(4) This follows from a change of variables and the continuity of the trace operator.

(5) From (Wloka, 1987, p. 129, Thm. 8.8), we know there exists a continuous extension

operator ZΓ : H
1
2ðΓÞd →H 1ðDÞd. Thus, a scaling argument similar to the previous

ones yields the result.

(6) Items (1) and (2) of Lemma 3.3 and an application of Friedrich’s inequality yield the
result. ,

3.2 Remainder estimates
We begin this section with the following auxiliary result.

Lemma 3.5. Let V : Rd
→Rd

∈H 1
locðRdÞd satisfy

jV ðxÞj ¼ c1jxj−m þO
�
jxj−m−1

�
; j∇VðxÞj ¼ c2jxj−m−1 þO

�
jxj−m−2

�
; (3.16)

for x∈Bδð0Þc, where δ > 0 is fixed, m ∈ R and c1, c2 > 0 are constants. Then there is a
constant C > 0, such that for Γ⊂ vD and « > 0 sufficiently small the following
estimates hold:

(1) kVk
L2ðΓεÞd ≤Cε

2mþ1−d
2 .

(2) jV j
H

1
2ðΓεÞd

≤Cε
2mþ2−d

2 .

(3) k∇Vk
L2ðΓεÞd3 d ≤Cε

2mþ3−d
2 .
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Proof.

(1) Let Mdmin
x∈Γ

jx− x0j > 0 and « sufficiently small, such that the leading term of V

dominates the remainder for x ∈ Γ«. Then we conclude

kVk2
L2ðΓεÞd ¼

Z
Γε
jV j2 dS ≤ jΓεj

�
ε−1M

�−2m
≤Cε1−dþ2m: (3.17)

Now taking the square root shows the result.

(2) Let 0 < r1 < r2 such that vD ⊂ S, where SdBr2ðx0Þn Br1ðx0Þ. Additionally, let « be
sufficiently small, such that ρ < «�1r1. Now we apply a change of variables to
integrate over the fixed domain and split the norm into two terms, which are treated
separately. Therefore, fix some δ > 0 sufficiently small. Then

jV j2
H

1
2ðvDεÞd

¼
Z
vDε

Z
vDε

jVðxÞ � VðyÞj2
jx� yjd dSydSx

¼ ε2−2d
Z
vD

Z
vD

jV�
Φ−1

ε ðxÞ�� V
�
Φ−1

ε ðyÞ�j2
jΦ−1

ε ðxÞ �Φ−1
ε ðyÞjd dSydSx

¼ ε2−d
Z
vD

Z
vD

jV�
Φ−1

ε ðxÞ�� V
�
Φ−1

ε ðyÞ�j2
jx� yjd dSydSx

¼ ε2−d
Z
vD

Z
vDnBδðxÞ

jV�
Φ−1

ε ðxÞ�� V
�
Φ−1

ε ðyÞ�j2
jx� yjd dSydSx (3.18)

þ ε2−d
R
vD

R
vD\BδðxÞ

jV�
Φ−1

ε ðxÞ�� V
�
Φ−1

ε ðyÞ�j2
jx� yjd dSydSx: (3.19)

In order to compute the first term (3.18), we consider for each pair ðx; yÞ∈ vD3 vD a
smooth pathwx,y : [0, 1]→ S satisfyingwx,y(0)5 x andwx,y(1)5 y. SinceV is smooth inΦ−1

ε ðSÞ,
we can apply the mean value theorem to the function FðtÞdV ðΦ−1

ε ðwx;yðtÞÞÞ and consider

∇ðΦ−1
ε Þ ¼ ε−1Id to get

V
�
Φ−1

ε ðyÞ�� V
�
Φ−1

ε ðxÞ� ¼ Z 1

0

ε−1∇V
�
Φ−1

ε

�
wx;yðsÞ

��
w0
x;yðsÞ ds: (3.20)

Thus, by H€older’s inequality we conclude

jV�
Φ−1

ε ðyÞ�� V
�
Φ−1

ε ðxÞ���≤ ε−1k∇V�
Φ−1

ε

�
wx;yð$Þ

��kL∞ð0;1Þd3 dkw0
x;ykL1ð0;1Þd : (3.21)

Since this inequality holds for every smooth path wx,y connecting x and y, the estimate holds
for dSðx; yÞd inf

wx;y½0;1�→S
kw0

x;ykL1ð0;1Þd . Furthermore, since S is bounded and path connected, the

following estimate holds (see Delfour and Zol�esio, 2011, Thm 5.8).

dSðx; yÞ≤Cjx� yj; for x; y∈ S (3.22)

for some constant C> 0 that only depends on S. Additionally, considering the representation

formula of V, we have k∇V ðxÞk ¼ c2jxj−m−1 þOðjxj−m−2Þ. Hence, choosing « small enough,
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such that the leading order term dominates the remainder, we get

k∇U ð1Þ�Φ−1
ε

�
wx;yðsÞ

��kL∞ð0;1Þd3 d ≤max
z∈S

j∇U ð1Þ�Φ−1
ε ðzÞ���≤Cεmþ1: (3.23)

As a result, we conclude

ε2−d
R
vD

R
vDnBδðxÞ

jV�
Φ−1

ε ðyÞ�� V
�
Φ−1

ε ðxÞ�j2
jx� yjd dSydSx

≤ ε−d
R
vD

R
vDnBδðxÞ

Cε2mþ2jx� yj2
jx� yjd

dSydSx

≤ ε−d
R
vD

R
vDnBδðxÞ

Cε2mþ2

δd−2
dSydSx

≤ Cε2mþ2−d:

(3.24)

The key here was to choose the set S such thatΦ−1
ε Bwx;yð½0; 1�Þ⊂Bρð0Þc for every path wx,y.

The second term (3.19) can be estimated by using a straight line connecting x∈ vD and
y∈ vD. Therefore, let wx,y(t)dx þ t(y � x), for t ∈ [0, 1]. Since we only need to consider
ðx; yÞ∈ vD3 vD such that jx � yj < δ, Φ−1

ε Bwx;yð½0; 1�Þ⊂Bρð0Þc can be guaranteed by
choosing δ sufficiently small. Again, an application of the mean value theorem yields

jV�
Φ−1

ε ðxÞ�� V
�
Φ−1

ε ðyÞ�j2 ≤ ε−2max
z∈Sδ

j∇V�
Φ−1

ε ðzÞ�j2jx� yj2; (3.25)

where Sδd
S

x∈vDBδðxÞ. Furthermore, a similiar estimation to (3.23) yields

max
z∈Sδ

j∇V�
Φ−1

ε ðzÞ�j2 ≤Cε2mþ2: (3.26)

Plugging this estimate into (3.19), yields

ε2−d
Z
vD

Z
vD\BδðxÞ

jV�
Φ−1

ε ðxÞ�� V
�
Φ−1

ε ðyÞ�j2
jx� yjd

dSydSx

≤ ε−d
Z
vD

Z
vD\BδðxÞ

max
z∈Sδ

j∇V�
Φ−1

ε ðzÞ�j2
jx� yjd−2 dSydSx

≤ Cε2mþ2−d

Z
vD

Z
vD\BδðxÞ

1

jx� yjd−2 dydx:

(3.27)

To finish our proof, we need to show that the integral on the right-hand side is finite.
Therefore, let AjðxÞdB2ð1− jÞδðxÞn B2−jδðxÞ, for j ∈ N. Hence,

BδðxÞ ¼
[
j≥1

AjðxÞ:
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Now we can split the inner integral into layers according to these sets:Z
vD\BδðxÞ

1

jx� yjd−2
dy ¼

X
j≥1

Z
vD\AjðxÞ

1

jx� yjd−2
dy

≤
X
j≥1

Z
vD\AjðxÞ

1

½2�jδ�d−2
dy

≤
X
j≥1

2jd−2jδ2−djAjðxÞj

¼ δ2−d
X
j≥1

2jd−2j
	
C
�
2ð1−jÞdδd � 2−jdδd

�

¼ δ2C

X
j≥1

2jd−2j−jd½2� 1� ¼ C
X
i≥1

1
4

� �j
< ∞:

(3.28)

Hence, combining (3.24) and (3.27) and using jV j2
H

1
2ðAÞd ≤ jV j2

H
1
2ðBÞd for A ⊂ B, the result

follows.

(3) The proof follows the lines of item (1) and is therefore left to the reader. ,

3.3 First-order asymptotic expansion
Let u0 ∈H 1ðDÞd denote the unique solution of the state equation (1.2) for «5 0.Wehenceforth
refer to u0 as the unperturbed state variable. By definition u0 satisfies u0jΓ 5 uD andZ

D

C2eðu0Þ : eðwÞ dx ¼
Z
D

f2$w dxþ
Z
ΓN
uN$w dS for allw∈H 1

ΓðDÞd: (3.29)

Assumption 1. We henceforth assume that the u0 ∈ C3(Bδ(x0)) for a small radius δ > 0.

Lemma 3.6. There is a constant C > 0, such that for all « > 0 sufficiently small there
holds kuε � u0kH1ðDÞd ≤Cε

d
2: (3.30)

Proof. Subtracting (3.1) for « > 0 and (3.29) yieldsZ
D

Cωεeðuε � u0Þ : eðwÞ dx ¼
Z
ωε

ðC2 � C1Þeðu0Þ : eðwÞ dx

þ
Z
ωε

ðf1 � f2Þ$w dx for allw∈H 1
ΓðDÞd:

(3.31)

Therefore, testing with wduε − u0 ∈H 1
ΓðDÞd, applying Korn’s inequality to the gradient

term on the left-hand side followed by Friedrich’s inequality and using H€older’s inequality to
estimate the right-hand side leads to

kuε � u0k2H1ðDÞd ≤C kðC2 � C1Þeðu0ÞkL2ðωεÞd3 d þ kf1 � f2kL2ðωεÞd
� �

kuε � u0kH1ðDÞd ; (3.32)

for a positive constant C> 0. In view of Assumption 1, we have u0∈ C3(Bδ(x0)) for δ> 0 small
enough and thus (3.32) can be further estimated to obtain

kuε � u0kH1ðDÞd ≤C
ffiffiffiffiffi
ωε

p ����ðC2 � C1Þeðu0ÞkCðωεÞd3 d þ
���f1 � f2kCðωεÞd

�
: (3.33)

Now, the result follows from
ffiffiffiffiffiffiffiffijωεj

p ¼ ffiffiffiffiffiffijωjp
ε
d
2. ,
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Definition 3.7. For almost every x∈D, we define the first variation of the state u« by

U ð1Þ
ε ðxÞd uε � u0

ε

� �
BΦεðxÞ; ε > 0: (3.34)

The second variation of u« is defined by

U ð2Þ
ε ðxÞdU ð1Þ

ε ðxÞ � U ð1ÞðxÞ � εd−1uð1ÞBΦε

ε
; ε > 0: (3.35)

More generally, we define the i-th variation of u« for i ≥ 2 by

U ðiþ1Þ
ε ðxÞdU ðiÞ

ε ðxÞ � U ðiÞðxÞ � εd−2uðiÞBΦε

ε
; ε > 0: (3.36)

Here, U(i) : Rd
→ Rd are so-called boundary layer correctors and uðiÞ : D→Rd are regular

correctors. The functionsU(i) aim to approximateU ðiÞ
ε ; however, they introduce an error at the

boundary of D, which is corrected with the help of u(i).

By extending u« and u0 outside of D by a continuous extension operator

E : H 1ðDÞd →H 1ðRdÞd, one can view U ð1Þ
ε as an element of the Beppo-Levi space BLðRdÞd.

In the following, we show that the first variation of the state converges to a function

U ∈BLðRdÞd and determine an equation satisfied by this limit. The next Lemma helps us to
handle the inhomogeneous Dirichlet boundary condition on Γ«.

Lemma 3.8. LetA : Rd3d
→Rd3d be uniformly positive definite, Fε : H

1
Γε
ðDεÞd →R be

a linear and continuous functional with respect to k $k« and gε ∈H
1
2ðΓεÞd.

Then there exists a unique Vε ∈H 1ðDεÞd, such thatZ
Dε

AeðVεÞ : eðwÞ dx ¼ FεðwÞ for allw∈H 1
ΓεðDεÞd; (3.37)

VεjΓε ¼ gε: (3.38)

Furthermore, there exists a constant C > 0 such that

kVεkε ≤CðkFεk þ ε
1
2kgεkL2ðΓεÞd þ jgεj

H
1
2ðΓεÞd

Þ: (3.39)

Proof. Let aεðu; vÞd
R
Dε
AeðuÞ : eðvÞ dx, u; v∈H 1ðDεÞd. Thanks to our assumption, A is

uniformly positive definite and thus one readily checks that a« is an elliptic and

continuous bilinear form on H 1
Γε
ðDεÞd endowed with the scaled norm k$k«. Furthermore,

let ZΓε denote the right-inverse extension operator of the trace operator TΓε and

define GεdZΓεðgεÞ∈H 1ðDεÞd.
Now consider ~FεðwÞdFεðwÞ− aεðGε;wÞ. Since

j ~FεðwÞj ≤ jFεðwÞj þ jaεðGε;wÞj
≤CkFεkkwkε þ CkGεkεkwkε ≤Ckwkε for allw∈H 1

ΓεðDεÞd;
(3.40)

for a constantC>0, ~Fε is continuouswih respect to k $k«. Thus, by the Lax–Milgram theorem,

there exists a unique uε ∈H 1
ΓεðDεÞd, such that
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aεðuε;wÞ ¼ ~FεðwÞ for allw∈H 1
ΓεðDεÞd: (3.41)

Hence, we conclude thatV«du«þG« satisfies (3.37) and (3.38). Uniqueness is guaranteed by
the ellipticity of a«. Applying the triangle inequality and using the continuity of ZΓε to
estimate kG«k« yields

kVεkε ≤ kuεkε þ kGεkε ≤C
�
k ~Fεk þ kGεkε

�
≤C

�kFεk þ
��Gεkε

�
≤ CðkFεk þ ε

1
2kgεkL2ðΓεÞd þ jgεj

H
1
2ðΓεÞd

Þ;

which shows (3.39) and finishes the proof. ,

Lemma 3.9. There exists a unique solution ½U �∈ _BLðRdÞd toZ
Rd

Cωeð½U �Þ : eðwÞ dx ¼
Z
ω
ðC2 � C1Þeðu0Þðx0Þ : eðwÞ dx for allw∈ _BL

�
Rd

�d

: (3.42)

Moreover, there exists a representative U(1)
∈ [U], which satisfies pointwise for jxj → ∞:

U ð1ÞðxÞ ¼ Rð1ÞðxÞ þ O
�
jxj−d

�
; (3.43)

where R(1) : Rd
→ Rd satisfies

jRð1ÞðxÞj ¼ b2jxj−1 for d ¼ 2;

b3jxj−2 for d ¼ 3;

�
(3.44)

for some constants b2, b3 ∈ R.

Proof. Unique solvability of (3.42) follows directly from the Lemma of Lax–Milgram. Thus,
the only thing left to show is the asymptotic behaviour (3.43) ofU(1). For this we first note that
U(1) can be characterised by the following set of equations:

�div
�
C1e

�
U ð1Þ�� ¼ 0 inω; (3.45)

�div
�
C2e

�
U ð1Þ�� ¼ 0 inωc; (3.46)

	
U ð1Þ
þ ¼ 	

U ð1Þ
− on vω; (3.47)

	
C1e

�
U ð1Þ�n
þ � 	

C2e
�
U ð1Þ�n
− ¼ ðC2 � C1Þe

�
U ð1Þ�ðx0Þn on vω: (3.48)

By (Ammari, 2008, p. 76, Thm. 3.3.8) there are f, g ∈ L2(vω)
d, such that	S1

ω f

þ � 	S2

ωg

− ¼ 0; on vω	

C1e
�S1

ω f
�
n

þ � 	

C2e
�S2

ωg
�
n

− ¼ ðC2 � C1Þe

�
U ð1Þ�ðx0Þn; on vω;

(3.49)

where Si
ωf denotes the single layer potential on vω with respect to the fundamental solution

Γi, that is, Si
ωhðxÞd

R
vωΓiðx− yÞhðyÞ dSðyÞ, i ∈ {1, 2}. Additionally, since

R
vω(C2 �

C1)e(U
(1))(x0)n dS 5 0, it follows that

R
vωg dS 5 0. Thus,
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U ð1Þd
S1
ωf inω;

S2
ωg inωc;

(

satisfies (3.45)–(3.48). Furthermore, considering
R
vωg dS5 0, a Taylor expansion of Γ2(x� y)

in y 5 0 yields the desired asymptotic behaviour (3.43). ,

Theorem 3.10. Let U ð1Þ
ε be as in Definition 3.7 and α ∈ (0, 1). There exists a constant

C > 0, such that

kU ð1Þ
ε � U ð1Þkε ≤

Cε for d ¼ 3;
Cε1−α for d ¼ 2;

�
(3.50)

for « sufficiently small.

Proof. We start by deriving an equation for U ð1Þ
ε . For this purpose, we change variables in

(3.31) to obtainZ
Dε

Cωe
�
U ð1Þ

ε

�
: eðwÞ dx ¼

Z
ω
ðC2 � C1Þeðu0Þ 8 Φε : eðwÞ dx

þ ε
Z
ω
ðf1 � f2Þ 8 Φε$w dx for allw∈H 1

ΓεðDεÞd:
(3.51)

Splitting the integral on the left-hand side of (3.42), integrating by parts and using
Div(C2e(U

(1))) 5 0 in ωc yieldsZ
Dε

Cωe
�
U ð1Þ� : eðwÞ dx ¼Z

ω
ðC2 � C1Þeðx0Þ : eðwÞ dx�

Z
RdnDε

C2e
�
U ð1Þ� : e�~w� dx

¼
Z
ω
ðC2 � C1Þeðx0Þ : eðwÞ dx�

Z
ΓN ;ε

C2e
�
U ð1Þ�~n$~w dS

þ
Z
Rdn Dε

div
�
C2e

�
U ð1Þ��$~w dx

¼
Z
ω
ðC2 � C1Þeðx0Þ : eðwÞ dxþ

Z
ΓN ;ε

C2e
�
U ð1Þ�n$w dS;

(3.52)

where w∈H 1
ΓεðDεÞd, ~w denotes an extension to the whole domain and n denotes the outer

normal vector on Dc
ε. Subtracting (3.51) and (3.52) results inZ

Dε

Cωe
�
U ð1Þ

ε � U ð1Þ
�
: eðwÞ dx ¼

Z
ω
ðC2 � C1Þ½eðu0Þ 8 Φε � eðu0Þðx0Þ� : eðwÞ dx

þε
Z
ω
ðf1 � f2Þ 8 Φε$w dx

�
Z
ΓN ;ε

C2e
�
U ð1Þ�n$w dS

(3.53)

for all w∈H 1
ΓεðDεÞd. Now, we apply Lemma 3.8 to VεdU ð1Þ

ε −U ð1Þ, gεd−U ð1ÞjΓε and F1
ε

defined as the right-hand side of (3.53). Thus, we conclude that there exists a constant C > 0,
such that

kU ð1Þ
ε � U ð1Þkε ≤CðkF1

εk þ ε
1
2kU ð1Þk

L2ðΓεÞd þ jU ð1Þj
H

1
2ðΓεÞd

Þ: (3.54)

To finish our proof, we need to estimate the norms ofF1
ε andU

(1), which appear in (3.54). For the

sake of clarity, we split the functional F1
ε according to (3.53) and treat each term separately.

Let w∈H 1
Γε
ðDεÞ.
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(1) At first, we consider
R
ω(C2� C1)[e(u0)◦Φ«� e(u0)(x0)] : e(w) dx. Since u0 ∈ C3(Bδ(x0)),

we get

eðu0Þðx0 þ εxÞ ¼ eðu0Þðx0Þ þ∇eðu0Þðx0Þεxþ oðεxÞ: (3.55)

Together with an application of H€older’s inequality, we concludeZ
ω
½eðu0Þ 8 Φε � eðu0Þðx0Þ� : eðwÞ dx

���� ���� ≤ Ckeðu0Þ 8 Φε � eðu0Þðx0ÞkL2ðωÞkeðwÞkL2ðωÞd3 d

≤ CεkeðwÞk
L2ðωÞd3 d ≤Cεkwkε:

(3.56)

(2) Next, we consider «
R
ω(f1 � f2)◦Φ« $ w dx. Since we want to apply the Gagliardo–

Nirenberg inequality, we need to distinguish between dimensions d 5 2 and d 5 3.

For d5 3, an application of H€older’s inequality with respect to p5 2* and Lemma 3.4, item (2)
yield

ε
Z
ω
ðf1 � f2ÞBΦε$w dx

���� ����≤Cεkwkε: (3.57)

For d5 2 we apply H€older’s inequality with respect to p5 (2� δ)* for δ> 0 sufficiently small
and Lemma 3.4, item (3) to obtain

ε
Z
ω
ðf1 � f2ÞBΦε$w dx

���� ����≤Cε1−αkwkε: (3.58)

for a constant C > 0.

(3) Finally, the last term can be estimated using H€older’s inequality and the scaled trace
inequality (Lemma 3.4 item (4)):Z

ΓN ;ε

C2e
�
U ð1Þ�n$w dS

�����
����� ≤C

���e�U ð1Þ�k
L2ðvDεÞd3 d

���wkL2ðvDεÞd (3.59)

≤Cε−
1
2ke�U ð1Þ�k

L2ðvDεÞd3 dkwkε: (3.60)

Thus, Lemma 3.5, item (3) with m 5 d � 1 yieldsZ
ΓN ;ε

C2e
�
U ð1Þ�n$w dS

�����
�����≤Cε

d
2kwkε: (3.61)

Combining these estimates results in

kF1
εk:≤

Cε for d ¼ 3;
Cε1−α for d ¼ 2;

�
(3.62)

for a constant C > 0. Furthermore, Lemma 3.5 item (1) and (2) with m 5 d � 1 yield

kU ð1Þk
L2ðΓεÞd ≤Cε

d−1
2 ; jU ð1Þj

H
1
2ðΓεÞd

≤Cε
d
2: (3.63)

Now plugging (3.62) and (3.63) into (3.54) finishes the proof. ,
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Remark 3.11. Rewriting U 1
ε −U 1 leaves us with the first-order expansion

uεðxÞ≈ u0ðxÞ þ εU 1
�
Φ−1

ε ðxÞ�;
where

kuε �
	
u0 þ εU 1BΦ−1

ε


kH1ðDÞd ¼
O ε

d
2
þ1

� �
for d ¼ 3;

O ε
d
2
þ1−α

� �
for d ¼ 2; α > 0:

8><>: (3.64)

3.4 Second-order asymptotic expansion
Asmentioned earlier, the boundary layer correctorU(1) introduces an error at the boundary
of D. Therefore, we introduce the regular corrector u(1), which compensates the boundary
error. Additionally, in order to obtain a second-order expansion, we introduce the second-
order approximations U(2) and u(2). In contrast to the first-order approximation, we need to
split the boundary layer corrector U(2) into two terms, where one solves a lower-order
equation and the other solves an analogue to U(1). Furthermore, we need to add the regular
corrector u(2) to compensate the error introduced by U(2). The following lemma describes
each corrector:

Lemma 3.12.

(1) There is a unique solution uð1Þ ∈H 1ðDÞd with u(1)(x)5� R(1)(x� x0) on Γ, such thatZ
D

C2e
�
uð1Þ

�
: eðwÞ dx ¼ −

Z
ΓN
C2e

�
Rð1Þ�ðx� x0Þn$w dS; (3.65)

for all w∈H 1
ΓðDÞd.

(2) There is a solution ½U �∈ _BLpðRdÞd toZ
Rd

Cωeð½U �Þ : eðwÞ dx ¼
Z
ω
ðC2 � C1Þ½∇eðu0Þðx0Þx� : eðwÞ dx; (3.66)

for all w∈ _BLp0 ðRdÞd, where

p ¼ 2þ δ for d ¼ 2;
2 for d ¼ 3;

�

and δ > 0 small. Moreover, there exists a representative bU ð2Þ
∈ ½U �, which satisfies

pointwise for jxj → ∞: bU ð2ÞðxÞ ¼ bRð2ÞðxÞ þ O
�
jxj1−d

�
; (3.67)

where bRð2Þ
: Rd

→Rd satisfies

jbRð2ÞðxÞj ¼ bc2 lnðjxjÞ for d ¼ 2;bc3jxj−1 for d ¼ 3;

�
(3.68)

for some constants bc2;bc3 ∈R.
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(3) There exists a solution ½U �∈ _BLpðRdÞd toZ
Rd

Cωeð½U �Þ : eðwÞ dx ¼
Z
ω
½ðf1ðx0Þ � f2ðx0ÞÞ�$w dx; (3.69)

for all w∈C
1
cðRdÞd, where

p ¼ 2þ δ for d ¼ 2;
2 for d ¼ 3;

�

and δ > 0 small. Moreover, there exists a representative ~U
ð2Þ

∈ ½U �, which satisfies
pointwise for jxj → ∞:

~U
ð2ÞðxÞ ¼ ~R

ð2ÞðxÞ þ O
�
jxj1−d

�
; (3.70)

where ~R
ð2Þ

: Rd
→Rd satisfies

j~Rð2ÞðxÞj ¼ ~c2 lnðjxjÞ for d ¼ 2;

~c3jxj−1 for d ¼ 3;

�
(3.71)

for some constants ~c2;~c3 ∈R.

(4) There is a unique solution uð2Þ ∈H 1ðDÞd with u(2)(x)5� R(2)(x� x0) on Γ, such thatZ
D

C2e
�
uð2Þ

�
: eðwÞ dx ¼ −

Z
ΓN
C2e

�
Rð2Þ�ðx� x0Þn$w dS; (3.72)

for all w∈H 1
ΓðDÞd, where Rð2ÞdbRð2Þ þ ~R

ð2Þ
.

Remark 3.13. Note that the requirement for p to be greater than 2 in dimension two is

necessary to guarantee that the gradient of ~U
ð2Þ

and bU ð2Þ
is in

LpðRdÞd3 d, which is not true for p 5 2. In fact, there is a solution

½U �∈ _BLðR2Þ2 of (3.66), but no representative U ∈ [U] has the desired

asymptotic representation.

Proof. Unique solvability of (3.65) and (3.72) follows from the Lax–Milgram theorem. In order

to show the existence and the desired representation formula of ~U
ð2Þ
, we use single layer

potentials. Note that a solution U ∈BLpðRdÞd of (3.69) can be characterised by the following

set of equations:

�divðC1eðUÞÞ ¼ ½ðf1ðx0Þ � f2ðx0ÞÞ� inω; (3.73)

�divðC2eðUÞÞ ¼ 0 inωc; (3.74)

½U �þ ¼ ½U �− on vω; (3.75)

½C1eðUÞn�þ ¼ ½C2eðUÞn�− on vω: (3.76)

Now consider the volume potential u(x)d
R
ωΓ1(x� y)[(f1(x0)� f2(x0))] dy, for x∈ω, which

satisfies the inhomogeneous equation insideω. By (Ammari, 2008, p. 76, Thm. 3.3.8) there are
f, g ∈ L2(vω)

d, such that.
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	S1
ωf

þ � 	S2

ωg

− ¼ −ujvω on vω; (3.77)

	
C1e

�S1
ωf
�
n

þ � 	

C2e
�S2

ωg
�
n

− ¼ −ðC1eðuÞnÞjvω on vω: (3.78)

Finally,

~U
ð2Þ
d

uþ S1
ωf ; inω;

S2
ωg; inωc:

(

satisfies (3.73)–(3.76) and a Taylor expansion of S2
ωg shows the asymptotic representation of

(3.70). The proof for bU ð2Þ
is similar and therefore omitted. ,

Remark 3.14. As a consequence of the equivalence relation defining the Beppo-Levi
space, the function U(2) is defined up to a constant. Thus, we are
allowed to add arbitrary constants to the boundary layer correctorU(2).
As a result of the additive property of the leading term R(2)(x)5 ln(x),
we need to add the « dependent constant c ln(«), with a suitable
constant c ∈ R in dimension d 5 2. In dimension d 5 3 this problem
does not appear since the leading term jxj�1 is multiplicative and
therefore can be compensated by the factor «d�2 found in
Definition 3.7.

Remark 3.15. A possible approach to approximate the solution ~U
ð2Þ

of (3.69)
numerically is to consider for each « > 0 the unique solution

Kε ∈ W 1
p

B

ðDÞd satisfying

ε2
Z
D

CωεeðKεÞ : eðwÞ dx ¼
Z
ωε

½ðf1ðx0Þ � f2ðx0ÞÞ�w dx (3.79)

for all w∈ W 1
p

B

ðDÞd. Applying H€older’s inequality and the Gagliardo–Nirenberg inequality,

we get Z
ωε

½ðf1ðx0Þ � f2ðx0ÞÞ�w dx

���� ����≤ jωεj
1�

ðp0Þ*
�0

k∇wk
Lp0 ðDÞd3 d (3.80)

and thus follow

ε2k∇KεkLpðDÞd3 d ≤Cε

ðp0Þ*−1

ðp0Þ* ;

for a constant C> 0. Now a change of variables yields k∇ðKεBΦεÞkLpðDεÞ≤C. Hence,K«◦Φ«

is bounded in _BLp and therefore has a weakly convergent subsequent with limit [U]
satisfying (3.69).

Theorem 3.16. Let U ð2Þ
ε be as in Definition 3.7 and α ∈ (0, 1).

(1) There exists a constant C > 0, such that

kU ð2Þ
ε � U ð2Þ � εd−2uð2Þ 8 ΦεðxÞkε ≤Cε for d ¼ 3; (3.81)
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kU ð2Þ
ε � U ð2Þ � εd−2uð2Þ 8 ΦεðxÞ þ c lnðεÞkε ≤Cε1−α for d ¼ 2; (3.82)

for « > 0 sufficiently small and a suitable constant c ∈ R.

(2) For d ∈ {2, 3}, there holds lim
εa0

kε−1ð∇U ð1Þ
ε −∇U ð1ÞÞ−∇U ð2Þk

L2ðωÞd3 d ¼ 0.

Proof. ad (1): Similar to the estimation of the first-order expansion, we aim to apply Lemma 3.8

in order to handle the inhomogeneous Dirichlet boundary condition on Γ«. Hence, we start by
deriving an equation satisfied by U ð2Þ

ε −U ð2Þ − εd−2uð2ÞBΦεðxÞ ¼ εU ð3Þ
ε . Dividing (3.53) by

«>0, changing variables in (3.65) and (3.72) and integrating by parts in the exterior domain of

(3.66) and (3.69) yieldZ
Dε

Cωe
�
εU ð3Þ

ε

�
: eðwÞ dx ¼ F2

εðwÞ þ F3
εðwÞ; for allw∈H 1

ΓεðDεÞ; (3.83)

where

F2
εd

Z
ω
½ðf1ðΦεðxÞÞ � f2ðΦεðxÞÞÞ � ðf1ðx0Þ � f2ðx0ÞÞ�$w dx

þ
Z
ω
ðC2 � C1Þ½ε−1ðeðu0ÞBΦε � eðu0Þðx0ÞÞ � ∇eðu0Þðx0Þx� : eðwÞ dx

þεd−1
Z
ω
ðC2 � C1Þ

	
e
�
uð1ÞðΦεÞ

�þ e
�
uð2ÞðΦεÞ

�

: eðwÞ dx

(3.84)

F3
εd −ε−1

Z
ΓN ;ε

	
C2e

�
U ð1Þ�� εdC2e

�
Rð1Þ�ðεxÞ
n$w dS

−

Z
ΓN ;ε

	
C2e

�
U ð2Þ�� εd−1C2e

�
Rð2Þ�ðεxÞ
n$w dS:

(3.85)

Since the bilinear form only depends on the symmetrised gradient of U ð3Þ
ε , one readily

checks that εU ð3Þ
ε þ c lnðεÞ satisfiesZ

Dε

Cωe
�
εU ð3Þ

ε þ c lnðεÞ
�
: eðwÞ dx ¼ F2

εðwÞ þ F3
εðwÞ; for allw∈H 1

ΓεðDεÞ: (3.86)

Now we can apply Lemma 3.8 to

Vεd
εU ð3Þ

ε for d ¼ 3;

εU ð3Þ
ε þ c lnðεÞ for d ¼ 2;

(
FεdF2

ε þ F3
ε

and

gεd

�
εd−2Rð1ÞðεxÞ � ε−1U ð1Þ�jΓε þ �

εd−2Rð2ÞðεxÞ � U ð2Þ�jΓε for d ¼ 3;�
εd−2Rð1ÞðεxÞ � ε−1U ð1Þ�jΓε þ �

εd−2Rð2ÞðεxÞ � U ð2Þ þ c lnðεÞ�jΓε for d ¼ 2:

(
(3.87)

Hence, we get the apriori estimate

kVεkε ≤CðkFεk þ ε
1
2kgεkL2ðΓεÞd þ jgεj

H
1
2ðΓεÞd

Þ: (3.88)
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Due to great similarity between d 5 2 and d 5 3, we will discuss both cases together and
only highlight the terms that have to be treated separately. Thus, if not further specified, let
d 5 2, 3. Again, we start by estimating kF«k. Let w∈H 1

Γε
ðDεÞ.

(1) A Taylor expansion of (f1(Φ«(x))� f2(Φ«(x))) at x0, H€older’s inequality and Lemma 3.4,
item (2), (3) yieldZ
ω
½ðf1ðΦεðxÞÞ � f2ðΦεðxÞÞÞ � ðf1ðx0Þ � f2ðx0ÞÞ�$w dx

���� ����≤ Cεkwkε for d ¼ 3;
Cε1−αkwkε for d ¼ 2; α > 0;

�
(3.89)

for a constant C > 0.

(2) Since u0 is three times differentiable in a neighbourhood of x0, there is a constant
C > 0, such that j«�1(e(u0)◦Φ« � e(u0)(x0)) � ∇e(u0)(x0)xj ≤ C«, for x ∈ ω. Hence,
H€older’s inequality yieldsZ
ω
ðC2 � C1Þ

	
ε−1ðeðu0Þ 8 Φε � eðu0Þðx0ÞÞ � ∇εðu0Þðx0Þx



: eðwÞ dx

���� ����≤Cεkwkε: (3.90)

(3) Furthermore, by H€older’s inequality we get

εd−1
Z
ω
ðC2 � C1Þ

	
e
�
uð1ÞðΦεÞ

�þ e
�
uð2ÞðΦεÞ

�

: eðwÞ dx

���� ����≤Cεkwkε; (3.91)

for a constant C > 0.
Next we consider the boundary integral terms:

(4) Here, we note that e(U(1)) � «de(R(1))(«x) cancels out the leading term of U(1) on vD.
Thus, we can applyH€older’s inequality, Lemma 3.5, item (3) withm5 d and the scaled
trace inequality to conclude

ε−1
Z
ΓN ;ε

	
C2e

�
U ð1Þ�� εdC2e

�
Rð1Þ�ðεxÞ
n$w dS

�����
�����≤Cε

d
2kwkε; (3.92)

for a constant C > 0.

(5) Similarly, we deduce from Lemma 3.5, item (3) withm5 d� 1 that there is a constant
C > 0, such thatZ

ΓN ;ε

	
C2e

�
U ð2Þ�� εd−1C2e

�
Rð2Þ�ðεxÞ
n$w dS

�����
�����≤Cε

d
2kwkε: (3.93)

Combining the previous estimates yields

kFεk≤ Cε for d ¼ 3;
Cε1−α for d ¼ 2;

�
(3.94)

for a constant C > 0. Finally, we recall that g« is defined in (3.87). At this point we choose the
constant c ∈ R, such that

Rð2ÞðxÞ ¼ Rð2ÞðεxÞ þ c lnðεÞ in d ¼ 2:

Then, by Lemma 3.5, item (1), (2) withm5 d andm5 d� 1 respectively, there is a constant
C > 0, such that
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ε
1
2kgεkL2ðΓεÞd þ jgεj

H
1
2ðΓεÞd

≤Cε
d
2: (3.95)

Now we can plug (3.94) and (3.95) into the a priori estimate (3.88), which shows (3.81).
ad (2): By the triangle inequality, we have

kε−1
�
∇

�
U ð1Þ

ε

�
� ∇

�
U ð1Þ��� ∇

�
U ð2Þ�kL2ðωÞd3 d ≤ k∇

�
U ð2Þ

ε � U ð2Þ � εd−2uð2Þ 8 Φε

�
kL2ðωÞd3 d

þ εd−1k∇�uð1Þ� 8 ΦεkL2ðωÞd3 d þ εd−1k∇�uð2Þ� 8 ΦεkL2ðωÞd3 d ≤Cε1−α;

(3.96)

for a positive constant C. This shows (2) and therefore finishes the proof. ,

Remark 3.17. Note that by the triangle inequality one has

kε−1
�
U ð1Þ

ε � U ð1Þ
�
� U ð2Þkε ≤

���U ð2Þ
ε � U ð2Þ � εd−2uð2ÞBΦεðxÞkε þ

���εd−2uð1ÞBΦεðxÞkε

þ ��εd−2uð2ÞBΦεðxÞkε

≤ C εþ ε
1
2

� �
;

for d5 3 and a constant C> 0. Thus in dimension d5 3, the correction of u(2) is not necessary
to achieve convergence of U ð2Þ

ε . In fact, sparing the corrector results in a slower convergence

of order ε
1
2 compared to the corrected order «.

Remark 3.18. In order to give a better understanding of the scheme of the asymptotic
expansion, wewould like to point out themain difference between the first-
and second-order expansion, which is the slower decay of the boundary
layer correctorU(2) compared toU(1). As a result, there was no necessity to
introduce the regular corrector u(1) in the first-order expansion, whereas u(2)

was needed to obtain the desired order of at least «1�α, for α > 0 small.
Additionally, one should note that boundary layer correctors appearing in
higher-order expansions have asymptotics similar to U(2) and therefore
demand a correction of the associated regular correctors. Thus, the scheme
of the asymptotic expansion of arbitrary order resembles the second-order
expansion given in this chapter, rather than the first-order expansion.

4. Analysis of the perturbed adjoint equation
In this section we study the asymptotic analysis of the Amstutz’ adjoint equation and the
averaged adjoint equation for our elasticity model problem. We shall first exam Amstutz’
adjoint and derive its asymptotic expansion up to order two.

4.1 Amstutz’ adjoint equation
The adjoint state p«, « ≥ 0 satisfies

pε ∈H 1
ΓðDÞd; vuLðε; u0; pεÞðwÞ ¼ 0 for allw∈H 1

ΓðDÞd; (4.1)

where we recall the Lagrangian

Lðε; u; vÞ ¼ JεðuÞ þ aεðu; vÞ � fεðvÞ: (4.2)
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With the cost function defined in (1.1), this equation reads explicitlyZ
D

CωεeðwÞ : eðpεÞ dx ¼ �γf

Z
D

fωε$w dx� 2γm

Z
Γm
ðu0 � umÞ$w dS

�2γg

Z
D

½∇u0 � ∇ud� : ∇w dx;
(4.3)

for all w∈H 1
ΓðDÞd. Similarly, the unperturbed adjoint equation readsZ
D

C2eðwÞ : eðp0Þ dx ¼ �γf

Z
D

f2$w dx� 2γm

Z
Γm
ðu0 � umÞ$w dS

�2γg

Z
D

½∇u0 � ∇ud� : ∇w dx;
(4.4)

for all w∈H 1
ΓðDÞd. Note that the « dependence of p« is only via the coefficients Cωε and fωε.

This is a definite advantage over the averaged adjoint method, where also the perturbed state
variable u« appears.

We now compute an asymptotic expansion of p« in a similar fashion to the direct state u«.
Therefore we define the variation of the adjoint state PðiÞ

ε for i ≥ 1 in analogy to the definition
of the variation of the direct state (Definition 3.7), where we replace the boundary layer
correctors U(i) by similar correctors P(i) adapted to the new inhomogeneity and the regular
correctors u(i) are replaced by correctors p(i) matching P(i).

Lemma 4.1. There exists a solution ½P�∈ _BLðRdÞd toZ
Rd

CωeðwÞ : eð½P�Þ dx ¼
Z
ω
ðC2 � C1ÞeðwÞ : eðp0Þðx0Þ dx; (4.5)

for all w∈ _BLðRdÞd. Moreover, there exists a representative P(1) ∈ [P], which satisfies
pointwise for jxj → ∞:

Pð1ÞðxÞ ¼ Sð1ÞðxÞ þ O
����xj−d�; (4.6)

where S(1) : Rd
→ Rd satisfies

jSð1ÞðxÞj ¼ b2jxj−1 for d ¼ 2;

b3jxj−2 for d ¼ 3;

�
(4.7)

for some constants b2, b3 ∈ R.

Proof. Using the adjoint tensor Cu
ω : Rd3 d

→Rd3 d, we can rewrite (4.5) to getZ
Rd

eðwÞ : Cu
ω eð½P�Þ dx ¼

Z
ω
eðwÞ : �Cu

2 � Cu
1

�
eðp0Þðx0Þ dx: (4.8)

Thus, using single layer potentials, the proof follows the lines of Lemma 3.9. ,

Theorem 4.2. For α ∈ (0, 1) and « > 0 sufficiently small there is a constant C > 0, such
that

kPð1Þ
ε � Pð1Þkε ≤

Cε for d ¼ 3;
Cε1−α for d ¼ 2:

�
(4.9)

Proof. Similarly to the analysis of the direct state, we derive an equation of the formZ
Dε

CωeðwÞ : e
�
Pð1Þ
ε � Pð1Þ

�
dx ¼ G

1
εðwÞ for allw∈H 1

ΓεðDεÞd; (4.10)
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where the right-hand side satisfies

kG1
εk≤

Cε for d ¼ 3;
Cε1−α for d ¼ 2:

�
(4.11)

A detailed derivation and estimation of the functional G1
ε can be found in the Appendix

(Section A1). In view of Lemma 3.8, we now estimate the boundary integral terms. Since

Pð1Þ
ε jΓε

¼ 0 we follow from Lemma 3.5 item (1), (2) with m 5 d � 1 that there is a constant

C > 0, such that

ε
1
2kPð1Þ

ε � Pð1ÞkL2ðΓεÞd þ jPð1Þ
ε � Pð1Þj

H
1
2ðΓεÞd

≤Cε
d
2: (4.12)

Thus, considering (4.11) and (4.12), an application of Lemma 3.8 with A ¼ Cu
ω shows (4.9),

which finishes our proof. ,
We now continue with the second-order expansion. Similar to the state variable

expansion, we therefore introduce a number of correctors in the following Lemma, which
approximate the first-order expansion inside ω« and on the boundary vD respectively.

Lemma 4.3.

(1) There is a unique solution pð1Þ ∈H 1ðDÞd with p(1)(x)5� S(1)(x� x0) on Γ, such thatZ
D

C2eðwÞ : e
�
pð1Þ

� ¼ −

Z
ΓN
Cu

2 e
�
Sð1Þ�ðx� x0Þn$w dS; (4.13)

for all w∈H 1
ΓðDÞd.

(2) There is a solution ½P�∈ _BLpðRdÞd toZ
Rd

CωeðwÞ : eð½P�Þ dx ¼
Z
ω
ðC2 � C1ÞeðwÞ : ½∇eðp0Þðx0Þx� dx; (4.14)

for all w∈ _BLp0 ðRdÞd, where

p ¼ 2þ δ for d ¼ 2;
2 for d ¼ 3;

�

and δ > 0 small. Moreover, there exists a representative bPð2Þ
∈ ½P�, which satisfies

pointwise for jxj → ∞: bPð2ÞðxÞ ¼ bSð2ÞðxÞ þ O
����xj1−d�; (4.15)

where bSð2Þ
: Rd

→Rd satisfies

jbSð2ÞðxÞj ¼ bc2 lnðjxjÞ for d ¼ 2;bc3jxj−1 for d ¼ 3;

�
(4.16)

for some constants bc2;bc3 ∈R.

(3) There is a solution ½P�∈ _BLpðRdÞd toZ
Rd

CωeðwÞ : eð½P�Þ dx ¼ γf

Z
ω
½f2ðx0Þ � f1ðx0Þ�$w dx; (4.17)
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for all w∈C
1
cðRdÞd, where

p ¼ 2þ δ for d ¼ 2;
2 for d ¼ 3;

�

and δ > 0 small. Moreover, there exists a representative ~P
ð2Þ

∈ ½P�, which satisfies
pointwise for jxj → ∞:

~P
ð2ÞðxÞ ¼ ~S

ð2ÞðxÞ þ O
����xj1−d�; (4.18)

where ~S
ð2Þ

: Rd
→Rd satisfies

j~Sð2ÞðxÞj ¼ ~c2 lnðjxjÞ for d ¼ 2;

~c3jxj−1 for d ¼ 3;

�
(4.19)

for some constants ~c2;~c3 ∈R.

(4) There is a unique solution pð2Þ ∈H 1ðDÞd with p(2)(x)5� S(2)(x� x0) on Γ, such thatZ
D

C2eðwÞ : e
�
pð2Þ

� ¼ −

Z
ΓN
Cu

2 ε
�
Sð2Þ�ðx� x0Þn$w dS (4.20)

for all w∈H 1
ΓðDÞd, where Sð2ÞdbSð2Þ þ ~S

ð2Þ
.

Proof. Rewriting these equations with the help of the adjoint operator Cu
ω leads to a proof

similar to Lemma 3.12. ,
Now we are able to state our main result regarding the second-order expansion of the

adjoint state variable p«:

Theorem 4.4.

(1) There exists a constant C > 0, such that

kPð2Þ
ε � Pð2Þ � εd−2pð2Þ 8 Φεkε ≤ Cε for d ¼ 3; (4.21)

kPð2Þ
ε � Pð2Þ � εd−2pð2Þ 8 Φε þ c lnðεÞkε ≤ Cε1−α for d ¼ 2; (4.22)

for « sufficiently small and a suitable constant c ∈ R.

(2) For d ∈ {2, 3}, there holds lim
εa0

kε−1ð∇ðPð1Þ
ε Þ−∇ðPð1ÞÞÞ−∇ðPð2ÞÞk

L2ðωÞd3 d ¼ 0.

Proof. ad (1): For the sake of clarity, we restrict ourselves to the case of d5 3. Dimension d5 2
can be treated in a similar fashion. In view of the auxiliary result Lemma 3.8, we seek a
governing equation for εPð3Þ

ε ¼ Pð2Þ
ε −Pð2Þ − εd−2pð2ÞBΦε. Such an equation can be found

using similar techniques to the analysis of the direct state. Thus, we refer to the Appendix
(SectionA2) formore details regarding the exact computation and onlymention that there are

functionals G2
ε, G

3
ε, such thatZ

Dε

CωeðwÞ : e
�
εPð3Þ

ε

�
dx ¼ G

2
εðwÞ þ G

3
εðwÞ for allw∈H 1

ΓεðDεÞd; (4.23)

where Gk
ε, k 5 2, 3, satisfy

kGk
εk≤Cε; (4.24)
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for k∈ {2, 3} and a constant C > 0. The exact formulas of the functionals G2
ε, G

3
ε can be found

in the Appendix (Section A2). Since

εPð3Þ
ε jΓε ¼

�
εd−2Sð1ÞðεxÞ � ε−1Pð1Þ�jΓε þ �

εd−2Sð2ÞðεxÞ � Pð2Þ�jΓε;
it follows by Lemma 3.5 item (1), (2) with m 5 d � 1 and m 5 d respectively that

ε
1
2kεPð3Þ

ε k
L2ðΓεÞd þ jεPð3Þ

ε j
H

1
2ðΓεÞd

≤Cε
d
2: (4.25)

Hence, considering (4.24) and (4.25), Lemma 3.8 shows (4.21).
ad (2): By the triangle inequality we have

kε−1
�
∇

�
Pð1Þ
ε

�
� ∇

�
Pð1Þ���∇

�
Pð2Þ�kL2ðωÞd3 d

≤

���∇�Pð2Þ
ε � Pð2Þ � εd−2pð2ÞBΦε

�
k
L2ðωÞd3 d

þεd−1
���∇�pð1Þ�BΦεkL2ðωÞd3 d þ εd−1

���∇�pð2Þ�BΦεkL2ðωÞd3 d

≤Cε1−α;

(4.26)

for a positive constant C. This shows (2) and therefore finishes the proof. ,

4.2 Averaged adjoint equation
The averaged adjoint state q« satisfies

qε ∈H 1
ΓðDÞd; aεðw; qεÞ ¼ −

Z 1

0

vJεðsuε þ ð1� sÞu0ÞðwÞ ds for allw∈H 1
ΓðDÞd: (4.27)

With the cost function defined in (1.1), this equation reads explicitlyZ
D

CωεeðwÞ : eðqεÞ dx ¼�γm

Z
Γm
ðu0 þ uε � 2umÞ$w dS � γf

Z
D

fωε$w dx

�γg

Z
D

½∇u0 þ∇uε � 2∇ud� : ∇w dx;
(4.28)

for all w∈H 1
ΓðDÞd. Similarly, the unperturbed adjoint equation readsZ

D

C2eðwÞ : eðq0Þ dx ¼�2γm

Z
Γm
ðu0 � umÞ$w dS � γf

Z
D

f2$w dx

�2γg

Z
D

½∇u0 � ∇ud� : ∇w dx;
(4.29)

for allw∈H 1
ΓðDÞd. Considering (4.4), wewould like to point out that p0 and q0 satisfy the same

equation and due to unique solvability it follows p0 5 q0. Note that for the sake of simplicity
we have chosen γg5 γm5 0 in d5 2, as these terms lead to amore complicated analysis of the
asymptotic expansion of q«.

We now introduce the first terms of the asymptotic expansion:

Lemma 4.5.

(1) There exists a solution ½Q�∈ _BLðRdÞd toZ
Rd

CωeðwÞ : eð½Q�Þ dx ¼
Z
ω
ðC2 � C1ÞeðwÞ : eðq0Þðx0Þ dx; (4.30)
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for all w∈ _BLðRdÞd. Moreover, there exists a representative bQð1Þ
∈ ½Q�, which satisfies

pointwise for jxj → ∞: bQð1ÞðxÞ ¼ bTð1ÞðxÞ þ O
�
jxj−d

�
; (4.31)

where bTð1Þ
: Rd

→Rd satisfies

jbTð1ÞðxÞj ¼ bb2jxj−1 for d ¼ 2;bb3jxj−2 for d ¼ 3;

(
(4.32)

for some constants bb2;bb3 ∈R.

(2) There exists a solution ½Q�∈ _BLðR3Þ3 toZ
Rd

CωeðwÞ : eð½Q�Þ dx ¼ −γg

Z
Rd

∇U ð1Þ : ∇w dx; (4.33)

for all w∈ _BLðR3Þ3. Moreover, there exists a representative ~Q
ð1Þ

∈ ½Q�, which satisfies
pointwise for jxj → ∞:

~Q
ð1ÞðxÞ ¼ ~T

ð1ÞðxÞ þ O
�
lnðjxjÞjxj−2

�
; (4.34)

where ~T
ð1Þ

: Rd
→Rd satisfies

j~Tð1ÞðxÞj ¼ ~b3jxj−1 (4.35)
for a constant ~b3 ∈R.
Now let

Qð1Þd
bQð1Þ þ ~Q

ð1Þ
for d ¼ 3;bQð1Þ
for d ¼ 2;

(
and similarly

Tð1Þd
bTð1Þ þ ~T

ð1Þ
for d ¼ 3;bTð1Þ
for d ¼ 2:

(

Proof. Similar to Lemma 4.1, but due to the inhomogeneity in the exterior domain, we use a
Newton potential to represent the solution. ,

Theorem 4.6. For α ∈ (0, 1) and « > 0 sufficiently small there is a constant C > 0, such
that

kQð1Þ
ε � Qð1Þkε ≤

Cε
1
2 for d ¼ 3;

Cε1−α for d ¼ 2:

(
(4.36)

Proof. We only show the case of d5 3, since the proof for d5 2 follows the same lines. Again,
we start by deriving an equation of the formZ

Dε

CωeðwÞ : e
�
Q

ð1Þ
ε � Qð1Þ

�
dx ¼ G

4
εðwÞ; (4.37)
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for all w∈H 1
ΓεðDεÞd, where

kG4
εk≤Cε

1
2: (4.38)

A detailed derivation and estimation of the functional G4
ε can be found in the Appendix

(Section A3). In view of Lemma 3.8 we now estimate the boundary integral terms. Since

Qð1Þ
ε jΓε

¼ 0 we deduce from Lemma 3.5 item (1), (2) with m 5 d � 1 that there is a constant

C > 0 satisfying

ε
1
2kQð1Þ

ε � Qð1ÞkL2ðΓεÞd þ jQð1Þ
ε � Qð1Þj

H
1
2ðΓεÞd

≤Cε
1
2: (4.39)

Thus, considering (4.38) and (4.39), an application of Lemma 3.8 shows (4.36). ,
We now continue with the second-order expansion. Similar to the previous asymptotic

expansions, we therefore introduce each component in the following lemma. Note that the
regular correctors aim to approximateU(1) in addition to their approximation of the occurring
boundary layer correctors Q(1), Q(2). This is a result of the appearance of U ð1Þ

ε on the right-
hand side of (4.37), (A.17).

Lemma 4.7.

(1) There is a unique solution qð1Þ ∈H 1ðDÞd with q(1)(x)5�T(1)(x� x0) on Γ, such thatZ
D

C2eðwÞ : e
�
qð1Þ

�
dx ¼ −

Z
ΓN
Cu

2 e
�
Tð1Þ�ðx� x0Þn$w dS; (4.40)

for all w∈H 1
ΓðDÞd.

(2) There is a solution ½Q�∈ _BLpðRdÞd toZ
Rd

CωeðwÞ : eð½Q�Þ dx ¼
Z
ω
ðC2 � C1ÞeðwÞ : ½∇eðq0Þðx0Þx� dx

�γg

Z
Rd

∇U ð2Þ : ∇w dx;
(4.41)

for all w∈ _BLp0 ðRdÞd, where

p ¼ 2þ δ for d ¼ 2;
2 for d ¼ 3;

�

and δ > 0 small. Moreover, there exists a representative bQð2Þ
∈ ½Q�, which satisfies

pointwise for jxj → ∞:

bQð2ÞðxÞ ¼ bTð2ÞðxÞ þ
O
�
jxj−1

�
for d ¼ 2;

O
�
lnðjxjÞjxj−2

�
for d ¼ 3;

8<: (4.42)

where bTð2Þ
: Rd

→Rd satisfies

jbTð2ÞðxÞj ¼ bc2 lnðjxjÞ for d ¼ 2;bc3 lnðjxjÞjxj−1 for d ¼ 3;

�
(4.43)

for some constants bc2;bc3 ∈R.
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(3) There is a solution ½Q�∈ _BLpðRdÞd toZ
Rd

CωeðwÞ : eð½Q�Þ dx ¼ γf

Z
ω
½f2ðx0Þ � f1ðx0Þ�$w dx; (4.44)

for all w∈C
1
cðRdÞd, where

p ¼ 2þ δ for d ¼ 2;
2 for d ¼ 3;

�

and δ > 0 small. Moreover, there exists a representative ~Q
ð2Þ

∈ ½Q�, which satisfies
pointwise for jxj → ∞:

~P
ð2ÞðxÞ ¼ ~T

ð2ÞðxÞ þ O
����xj1−d�; (4.45)

where ~T
ð2Þ

: Rd
→Rd satisfies

j~Tð2ÞðxÞj ¼ ~c2 lnðjxjÞ for d ¼ 2;

~c3jxj−1 for d ¼ 3;

�
(4.46)

for some constants ~c2;~c3 ∈R.

(4) There is a unique solution q
ð2Þ
U ∈H 1

ΓðDÞd, such thatZ
D

C2eðwÞ : e
�
q
ð2Þ
U

�
dx ¼�γm

R
Γm
Rð1Þðx� x0Þ$w dS � γm

R
Γm
uð1Þ$w dS

�γm
R
Γm
Rð2Þðx� x0Þ$ dS � γm

R
Γm
uð2Þ$w dS

�γg
R
D
∇uð1Þ : ∇w dx� γg

R
D
∇uð2Þ : ∇w dx

�γg
R
ΓN
∇Rð1Þðx� x0Þn$w dS

�γg
R
ΓN
∇Rð2Þðx� x0Þn$w dS

(4.47)

for all w∈H 1
ΓðDÞd.

(5) There is a unique solution q
ð2Þ
Q ∈H 1ðDÞd with q(2)(x) 5 � T(2)(x � x0) on Γ, such

that Z
D

C2eðwÞ : e
�
q
ð2Þ
Q

�
dx ¼ −

Z
ΓN
C

u
2 e

�
Tð2Þ�ðx� x0Þn$w dS (4.48)

for all w∈H 1
ΓðDÞd, where

Tð2Þd
bTð2Þ þ ~T

ð2Þ
for d ¼ 2;bTð2Þ
for d ¼ 3:

(

Furthermore, we define qð2Þdq
ð2Þ
U þ q

ð2Þ
Q .

Proof. Similar to Lemma 3.12 and Lemma 4.5. ,
Now we are able to state our main result regarding the second-order expansion of the

averaged adjoint state variable q«:
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Theorem 4.8.

(1) Let α ∈ (0, 1). There exists a constant C > 0, such that for d5 3 and d5 2, we have
respectively:

kε−1
h
Q

ð1Þ
ε � Qð1Þ � εd−2qð1ÞBΦε

i
� Qð2Þ � εd−2qð2ÞBΦεkε ≤Cε

1
2 lnðε−1Þ (4.49)

kε−1
h
Q

ð1Þ
ε � Qð1Þ � εd−1qð1ÞBΦε

i
� Qð2Þ � εd−2qð2ÞBΦε þ c lnðεÞkε ≤Cε1−α (4.50)

for « sufficiently small and a suitable constant c ∈ R.

(2) For d ∈ {2, 3}, there holds lim
εa0

kε−1ð∇Qð1Þ
ε −∇Qð1ÞÞ−∇Qð2Þk

L2ðωÞd3 d ¼ 0.

Proof. ad (1): Similar to the proof of the second-order expansion of the adjoint state variable,
we restrict ourselves to the case of d5 3. The proof for dimension d5 2 follows the same lines
and is therefore omitted. In view of the auxiliary result Lemma 3.8, we seek a governing
equation for Vεdε−1½Qð1Þ

ε −Qð1Þ�− εd−3qð1ÞBΦε −Qð2Þ − εd−2qð2ÞBΦε. Such an equation
can be found using similar techniques to the analysis of the direct state and the derivationwill
be discussed in detail in the Appendix (see Section A4).We just note that there are functionals

G5
ε, G

6
ε, such thatZ

Dε

CωeðwÞ : eðVεÞ dx ¼ G
5
εðwÞ þ G

6
εðwÞ for allw∈H 1

ΓεðDεÞd; (4.51)

where Gk
ε, k 5 5, 6, satisfy

kGk
εk≤Cε

1
2 ln

�
ε−1

�
; (4.52)

for k∈ {5, 6} and a constant C > 0. The exact formulas of the functionals G5
ε, G

6
ε can be found

in the Appendix (Section A4). Since

VεjΓε ¼
�
εd−2Tð1ÞðεxÞ � ε−1Qð1Þ�jΓε � Qð2ÞjΓε;

it follows with a similar argument to Lemma 3.5 that there is a constant C > 0 satisfying

ε
1
2kVεkL2ðΓεÞd þ jVεj

H
1
2ðΓεÞd

≤Cε
1
2 ln

�
ε−1

�
: (4.53)

In view of (4.52) and (4.53), Lemma 3.8 shows (4.49).
ad (2): Let d 5 3. By the triangle inequality we have

kε−1
�
∇

�
Q

ð1Þ
ε

�
� ∇

�
Qð1Þ���∇

�
Qð2Þ�kL2ðωÞd3 d

≤

���ε−1∇�Qð1Þ
ε � Qð1Þ

�
� ∇

�
εd−3qð1ÞBΦε

�� ∇
�
εd−2qð2ÞBΦε

�kL2ðωÞd3 d

þ εd−2
���∇�qð1Þ�BΦεkL2ðωÞd3 d þ εd−1

���∇�qð2Þ�BΦεkL2ðωÞd3 d

≤Cε
1
2 lnðε−1Þ;

(4.54)

for a positive constant C, which shows (2). The proof for d5 2 follows the same lines and is
therefore omitted. ,
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5. Computation of the topological derivatives for linear elasticity problem
In this section we compute the first- and second-order topological derivatives of our elasticity
problem introduced in (1.1), namely

J ðΩÞ ¼ JðΩ; uÞ ¼ γm

Z
Γm
ju� umj2 dS þ γf

Z
D

fωε$u dxþ γg

Z
D

j∇u� ∇udj2 dx; (5.1)

subject to u∈H 1ðDÞd solves ujΓ 5 uD andZ
D

CΩeðuÞ : eðwÞ ¼
Z
D

fΩ$w dxþ
Z
ΓN
uN$w dS for allw∈H 1

ΓðDÞd: (5.2)

Definition5.1. For «≥ 0 letΩε ⊂Dbe a singularly perturbed domainwith perturbation
shapeω andΩdΩ0. Additionally let ‘1, ‘2 :R

þ
→Rþ be two functions

converging to 0 for « a 0 and ‘1ðεÞ
‘2ðεÞ→ 0 for « a 0. Then the first-order

topological derivative is defined as

dJ ðΩ;ωÞ ¼ lim
εa0

J ðΩεÞ � J ðΩÞ
‘1ðεÞ :

Similarly, the second-order topological derivative is given as

d2J ðΩ;ωÞ ¼ lim
εa0

J ðΩεÞ � J ðΩÞ � ‘1ðεÞdJ ðΩÞ
‘2ðεÞ :

More specifically, since we considered Ω 5∅, we compute the topological derivative at a
point x0 ∈D and derive the asymptotics of J ðωεÞwith ω«dΦ«(ω), Φ«(x)dx0 þ «x. Recall
the Lagrangian function

Lðε; u; vÞ ¼ JεðuÞ þ aεðu; vÞ � fεðvÞ; u∈V; v∈W;

with V ¼ fu∈H 1ðDÞdju ¼ uD onΓg, W ¼ H 1
ΓðDÞd and

JεðuÞ ¼ γm

Z
Γm
ju� umj2 dS þ γf

Z
D

fωε$u dxþ γg

Z
D

j∇u� ∇udj2 dx; (5.3)

aεðu; vÞ ¼
Z
D

CωεeðuÞ : eðvÞ dx; (5.4)

fεðvÞ ¼
Z
D

fωε$v dx: (5.5)

We compute the topological derivatives using Proposition 2.2 (Amstutz’ method),
Proposition 2.4 (averaged adjoint) and Proposition 2.7 (Delfour’s method).

Remark 5.2. We would like to point out that, contrary to the setting in Section 2, V is a
affine space spanned byW and not a vector space itself. Yet, it can easily
be verified that the Lagrangian techniques can still be applied, as the
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construction of V allows derivatives of Lðε; u; vÞ with respect to the
second variable in direction W.

Remark5.3. Note that themore general caseΩ≠∅, x0 ∈Dn ΩandΩ«5Ω∪ω« can be
treated in a similar fashion. The main difference is that the unperturbed
state equation and unperturbed adjoint state equation respectively
depend on Ω and therefore u0 and p0 vary. Furthermore, as the boundary
layer correctors coincide in both cases, the regular correctors need to
compensate inΩ. At last, the computation of the topological derivative for
x0∈Ω andΩ«5Ω \ω« can be done analogously to the presented one and
only results in a change of sign.

5.1 Amstutz’ method
In order to compute the first-order topological derivative, let ‘1(«)djω«j. By Proposition 2.2,
item (1), we have

dJ ð∅;ωÞðx0Þ ¼ Rð1Þðu0; p0Þ þ v
ð1Þ
‘ Lð0; u0; p0Þ; (5.6)

where

Rð1Þðu0; p0Þ ¼ lim
εa0

Lðε; uε; pεÞ � Lðε; u0; pεÞ
‘1ðεÞ ; (5.7)

v
ð1Þ
‘ Lð0; u0; p0Þ ¼ lim

εa0

Lðε; u0; pεÞ � Lð0; u0; pεÞ
‘1ðεÞ ; (5.8)

if the above limits exist. Thus, we start with the first quotient Rð1Þðu0; p0Þ:
Lðε; uε; pεÞ � Lðε; u0; pεÞ

‘1ðεÞ ¼ 1

jωεj ½JεðuεÞ þ aεðuε; pεÞ � fεðpεÞ � Jεðu0Þ � aεðu0; pεÞ þ fεðpεÞ�

¼ 1

jωεj ½JεðuεÞ � Jεðu0Þ þ aεðuε � u0; pεÞ�

¼ 1

jωεjγm
Z
Γm

h
juε � umj2 � ju0 � umj2 � 2ðu0 � umÞðuε � u0Þ

i
dS

þ 1

jωεjγg
Z
D

j∇uε � ∇udj2 � j∇u0 � ∇udj2 � 2ð∇u0 � ∇udÞð∇uε � ∇u0Þ
h i

dx

¼ 1

jωεjγm
Z
Γm
juε � u0j2 dS þ 1

jωεjγg
Z
D

j∇uε � ∇u0j2 dx:

(5.9)

Now, a change of variables leads to ε
jωjγmkU ð1Þ

ε k2
L2ðΓm;εÞd þ 1

jωjγgk∇U ð1Þ
ε k2

L2ðDεÞd3 d . On the one
hand, we have

ε
jωjγmkU

ð1Þ
ε k2

L2ðΓm;εÞd ≤
γm
jωj


εkU ð1Þ

ε � U ð1Þk2
L2ðΓm;εÞd þ εkU ð1Þk2

L2ðΓm;εÞd
�

≤ C
�
kU ð1Þ

ε � U ð1Þk2ε þ εd
�
≤Cε2−α;

(5.10)
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for α arbitrarily small and a constant C > 0. Here, we used Lemma 3.4, item (4), Lemma 3.5
item (1) with m 5 d � 1 and Theorem 3.10. On the other hand, Theorem 3.10 shows that

∇U ð1Þ
ε →∇U ð1Þ in L2ðRdÞd3 d

for « a 0. Now, passing to the limit in (5.9) yields

Rð1Þðu0; p0Þ ¼ 1

jωjγg
Z
Rd

j∇U ð1Þj2 dx:

Next, we consider v
ð1Þ
‘ Lð0; u0; p0Þ. Splitting the quotient, one observes

Lðε; u0; pεÞ � Lð0; u0; pεÞ
‘1ðεÞ ¼ 1

jωεj ½Jεðu0Þ þ aεðu0; pεÞ � fεðpεÞ � J0ðu0Þ � a0ðu0; pεÞ þ f0ðpεÞ�

¼ 1

jωεj
Z
ωε

γf ðf1 � f2Þu0 þ ðC1 � C2Þeðu0Þ : eðpεÞ � ðf1 � f2Þpε
	 


dx

¼ γf �
Z
ω
ðf1 8 Φε � f2 8 ΦεÞ$u0 8 Φε dx

þ−

Z
ω
ðC1 � C2Þeðu0Þ 8 Φε : e

�
Pð1Þ
ε

�
dx

þ−

Z
ω
ðC1 � C2Þeðu0Þ 8 Φε : eðp0Þ 8 Φε dx

�−

Z
ω
ðf1 8 Φε � f2 8 ΦεÞ$

�
Pð1Þ
ε

�
dx

�−

Z
ω
ðf1 8 Φε � f2 8 ΦεÞ$p0 8 Φε dx:

(5.11)

By H€older’s inequality, Lemma 3.4, item (2), (3) and Theorem 4.6 one readily checks that

Pð1Þ
ε →Pð1Þ in L1(ω)

d and eðQð1Þ
ε Þ→ eðQð1ÞÞ in L2(ω)

d3d. Hence, we deduce

v
ð1Þ
‘ Lð0; u0; p0Þ ¼ �

Z
ω
ðC1 � C2Þeðu0Þðx0Þ : e

�
Pð1Þ� dx

þγf ðf1ðx0Þ � f2ðx0ÞÞ$u0ðx0Þ
þðC1 � C2Þeðu0Þðx0Þ : eðp0Þðx0Þ
�ðf1ðx0Þ � f2ðx0ÞÞ$p0ðx0Þ:

(5.12)

Therefore, the first-order topological derivative is given by

dJ ð∅;ωÞðx0Þ ¼ �
Z
ω
ðC1 � C2Þeðu0Þðx0Þ : e

�
Pð1Þ� dxþ ðC1 � C2Þeðu0Þðx0Þ : eðp0Þðx0Þ

þ γf ðf1ðx0Þ � f2ðx0ÞÞ$u0ðx0Þ � ðf1ðx0Þ � f2ðx0ÞÞ$p0ðx0Þ

þ 1

jωjγg
Z
Rd

∇U ð1Þj2 dx;
���

(5.13)

with P(1) defined in (4.5) and U(1) defined in (3.42). Next, we compute the second-order
topological derivative. Therefore, let ‘2(«)d«‘1(«). By Proposition 2.2, item (2), we have

d2J ð∅;ωÞðx0Þ ¼ Rð2Þðu0; p0Þ þ v
ð2Þ
‘ Lð0; u0; p0Þ; (5.14)

where
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Rð2Þðu0; p0Þ ¼ lim
εa0

Lðε; uε; pεÞ � Lðε; u0; pεÞ � ‘1ðεÞRð1Þðu0; p0Þ
‘2ðεÞ ;

v
ð2Þ
‘ Lð0; u0; p0Þ¼ lim

εa0

Lðε; u0; pεÞ � Lð0; u0; pεÞ � ‘1ðεÞvð2Þ‘ Lð0; u0; p0Þ
‘2ðεÞ ;

if the above limits exist. Dividing (5.9) by «, it follows that

Rð2Þðu0; p0Þ¼ lim
εa0

γg
ε

Z
Dε

j∇U ð1Þ
ε j2 � j∇U ð1Þj2 dx�

Z
RdnDε

j∇U ð1Þj2 dx
" #

¼ lim
εa0

γg

Z
Dε

�
U ð1Þ

ε þ U ð1Þ
�
:
�
ε−1

h
U ð1Þ

ε � U ð1Þ
i�

dx� ε−1
Z
RdnDε

j∇U ð1Þj2 dx
" #

¼ 2γg
1

jωj
Z
Rd

∇U ð1Þ : ∇U ð2Þ dx;

(5.15)

where we used that∇U ð1Þ
ε →∇U ð1Þ in L2ðRdÞd3 d

(see Theorem 3.10) and ε−1ð∇U ð1Þ
ε −∇U ð1ÞÞ

→∇U ð2Þ in L2ðRdÞd3 d
(see Remark 3.17). The integral term over the exterior domain

vanishes due to the asymptotic behaviour of U(1).
In order to compute v

ð2Þ
‘ Lð0; u0; p0Þ, we use (5.11) to get

Lðε; u0; pεÞ � Lð0; u0; pεÞ � ‘1ðεÞvð1Þ‘ Lð0; u0; p0Þ
‘2ðεÞ ¼

γf �
Z
ω
ε−1½ðf1 8 Φε � f2 8 ΦεÞ � ðf1ðx0Þ � f2ðx0ÞÞ�$u0 8 Φε dx

þ γf �
Z
ω
ðf1ðx0Þ � f2ðx0ÞÞ$ε−1½u0 8 Φε � u0ðx0Þ� dx

þ−

Z
ω
ðC1 � C2Þeðu0Þ 8 Φε : e

�
ε−1

h
Pð1Þ
ε � Pð1Þ

i�
dx

þ−

Z
ω
ðC1 � C2Þε−1½eðu0Þ 8 Φε � eðu0Þðx0Þ� : e

�
Pð1Þ� dx

þ−

Z
ω
ðC1 � C2Þeðu0Þ 8 Φε : ε−1½eðp0Þ 8 Φε � eðp0Þðx0Þ� dx

þ−

Z
ω
ðC1 � C2Þε−1½eðu0Þ 8 Φε � eðu0Þðx0Þ� : eðp0Þðx0Þ dx

�−

Z
ω
ðf1 8 Φε � f2 8 ΦεÞ$

�
Pð1Þ
ε

�
dx

�−

Z
ω
ðf1 8 Φε � f2 8 ΦεÞ$ε−1½p0 8 Φε � p0ðx0Þ� dx

�−

Z
ω
ε−1½ðf1 8 Φε � f2 8 ΦεÞ � ðf1ðx0Þ � f2ðx0ÞÞ�$p0ðx0Þ dx:

(5.16)

Now, considering Theorem 4.4, item (2), we have ε−1½eðPð1Þ
ε Þ− eðPð1ÞÞ�→ eðPð2ÞÞ in L2(ω)

d3d

and by Theorem 4.2 and the Gagliardo–Nirenberg inequality, we get Pð1Þ
ε →Pð1Þ in L1(ω)

d.
Thus, passing to the limit « a 0 in (5.16) we conclude
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v
ð2Þ
‘ Lð0; u0; p0Þ ¼ γf �

Z
ω
∇½f1ðx0Þ � f2ðx0Þ�x$u0ðx0Þ dxþ γf �

Z
ω
½f1ðx0Þ � f2ðx0Þ�$∇u0ðx0Þx dx

þ−

Z
ω
ðC1 � C2Þeðu0Þðx0Þ : e

�
Pð2Þ� dxþ −

Z
ω
ðC1 � C2Þ½∇eðu0Þðx0Þx� : e

�
Pð1Þ� dx

þ−

Z
ω
ðC1 � C2Þeðu0Þðx0Þ : ½∇ðeðp0ÞÞðx0Þx� dx

þ−

Z
ω
ðC1 � C2Þ½∇ðeðu0ÞÞðx0Þx� : eðp0Þðx0Þ dx

�−

Z
ω
½f1ðx0Þ � f2ðx0Þ�$∇p0ðx0Þx dx� −

Z
ω
∇½f1ðx0Þ � f2ðx0Þ�x$p0ðx0Þ dx

�−

Z
ω
ðf1ðx0Þ � f2ðx0ÞÞ$

�
Pð1Þ� dx:

(5.17)

Thus, the second-order topological derivative is given by

d2J ð∅;ωÞðx0Þ ¼ γf �
Z
ω
∇½f1ðx0Þ � f2ðx0Þ�x$u0ðx0Þ dxþ γf �

Z
ω
½f1ðx0Þ � f2ðx0Þ�$∇u0ðx0Þx dx

þ−

Z
ω
ðC1 � C2Þeðu0Þðx0Þ : e

�
Pð2Þ� dxþ −

Z
ω
ðC1 � C2Þ½∇eðu0Þðx0Þx� : e

�
Pð1Þ� dx

þ−

Z
ω
ðC1 � C2Þeðu0Þðx0Þ : ½∇ðeðp0ÞÞðx0Þx� dx

þ−

Z
ω
ðC1 � C2Þ½∇ðeðu0ÞÞðx0Þx� : eðp0Þðx0Þ dx

�−

Z
ω
½f1ðx0Þ � f2ðx0Þ�$∇p0ðx0Þx dx� −

Z
ω
∇½f1ðx0Þ � f2ðx0Þ�x$p0ðx0Þ dx

�−

Z
ω
ðf1ðx0Þ � f2ðx0ÞÞ$

�
Pð1Þ� dxþ 2γg

1

jωj
Z
Rd

∇U ð1Þ : ∇U ð2Þ dx;

(5.18)

with P(1) defined in (4.5), U(1) defined in (3.42), P(2) defined in (4.14), (4.17) and U(2) defined in
(3.66), (3.69).

5.2 Averaged adjoint method
We start with the first-order topological derivative. Therefore, let ‘1(«)djω«j. By Proposition
2.4 item (1) we have

dJ ð∅;ωÞðx0Þ ¼ Rð1Þðu0; q0Þ þ v
ð1Þ
‘ Lð0; u0; q0Þ; (5.19)

where

Rð1Þðu0; q0Þ ¼ lim
εa0

Lðε; u0; qεÞ � Lðε; u0; q0Þ
‘1ðεÞ ;

v
ð1Þ
‘ Lð0; u0; q0Þ ¼ lim

εa0

Lðε; u0; q0Þ � Lð0; u0; q0Þ
‘1ðεÞ ;

if the above limits exist. Thus, we start computing Rð1Þðu0; q0Þ:
Lðε; u0; qεÞ � Lðε; u0; q0Þ

‘1ðεÞ ¼ 1

jωεj ½Jεðu0Þ þ aεðu0; qεÞ � fεðqεÞ � Jεðu0Þ � aεðu0; q0Þ þ fεðq0Þ�

¼ 1

jωεj ½aεðu0; qε � q0Þ � fεðqε � q0Þ�

¼ 1

jωεj
Z
ωε

ðC1 � C2Þeðu0Þ : eðqε � q0Þ dx�
Z
ωε

ðf1 � f2Þ$ðqε � q0Þ dx
� �

¼ −

Z
ω

ðC1 � C2Þeðu0ÞBΦε : e
�
Q

ð1Þ
ε

�
dx� ε�

Z
ω
ðf1 � f2ÞBΦε

�
Q

ð1Þ
ε

�
dx:

(5.20)
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Since u0 ∈ C3(Bδ(x0)) for δ > 0 small and by Theorem 4.6 eðQð1Þ
ε Þ→ eðQð1ÞÞ in L2(ω)

d3d as «
tends to zero, we have

lim
εa0

Z
ω
ðC1 � C2Þeðu0Þ 8 Φε : e

�
Q

ð1Þ
ε

�
dx ¼

Z
ω
ðC1 � C2Þeðu0Þðx0Þ : e

�
Qð1Þ� dx: (5.21)

Furthermore, applying H€older’s inequality, Lemma 3.4 item (2), (3) and Theorem 4.6, one

readily checks that Qð1Þ
ε →Qð1Þ in L1(ω)

d. Thus, we deduce

lim
εa0

ε
Z
ω
½ðf1 � f2Þ 8 Φε�$Qð1Þ

ε dx ¼ 0: (5.22)

It follows that Rð1Þðu0; q0Þ ¼ −

Z
ω
ðC1 −C2Þeðu0Þðx0Þ : eðQð1ÞÞ dx. Next, we compute v

ð1Þ
‘

Lð0; u0; q0Þ. For this, we note for « > 0:

Lðε; u0; q0Þ � Lð0; u0; q0Þ
‘1ðεÞ ¼ 1

jωεj ½ðJεðu0Þ � J0ðu0ÞÞ þ ðaεðu0; q0Þ � a0ðu0; q0ÞÞ � ðfεðq0Þ � f0ðq0ÞÞ�

¼ 1

jωεj γf

Z
ωε

ðf1 � f2Þ$u0 dxþ
Z
ωε

ðC1 � C2Þeðu0Þ : eðq0Þ dx
�

�
Z
ωε

ðf1 � f2Þ$q0 dx
�

¼ γf �
Z
ω
ðf1 � f2Þ 8 Φε$u0 8 Φε dx� −

Z
ω
ðf1 � f2Þ 8 Φε$q0 8 Φε dx

þ−

Z
ω
ðC1 � C2Þeðu0Þ 8 Φε : eðq0Þ 8 Φε dx:

(5.23)

Now, since u0, q0, f1, f2 are smooth in a neighbourhood of x0, we get

v
ð1Þ
‘ Lð0; u0; q0Þ ¼ γf ðf1 � f2Þ$u0 þ ðC1 � C2Þeðu0Þ : eðq0Þ � ðf1 � f2Þ$q0

	 
ðx0Þ: (5.24)

Hence, the first-order topological derivative is given by

dJ ð∅;ωÞðx0Þ ¼ �
Z
ω
ðC1 � C2Þeðu0Þðx0Þ : e

�
Qð1Þ� dxþ ðC1 � C2Þeðu0Þðx0Þ : eðq0Þðx0Þ

þγf ðf1ðx0Þ � f2ðx0ÞÞ$u0ðx0Þ � ðf1ðx0Þ � f2ðx0ÞÞ$q0ðx0Þ;
(5.25)

with Q(1) defined in (4.30), (4.33).

Remark 5.4. An elegant way to represent the topological derivative is by the use of a
polarisation tensor (see Novotny and Sokolowski, 2013; Ammari et al.,
2005). For this, note that the mappings

F 1 : Rd3 d
→Rd3 d; ζ↦�

Z
ω
e
�bQð1Þ

ζ

�
dx;

F 2 : Rd3 d
→Rd3 d; ζ↦�

Z
ω
e


~Q
ð1Þ
ζ

�
dx;

are linear, where bQð1Þ
ζ solvesZ

Rd

CωeðwÞ : eðbQð1Þ
ζ Þ dx ¼

Z
ω
ðC2 � C1ÞeðwÞ : ζ dx for allw∈ _BL

�
Rd

�d

;
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and ~Q
ð1Þ
ζ solvesZ

Rd

CωeðwÞ : e

~Q
ð1Þ
ζ

�
dx ¼ −γg

Z
Rd

∇U
ð1Þ
ζ : ∇w dx for allw∈ _BL

�
Rd

�d

;

with U
ð1Þ
ζ satisfyingZ

Rd

Cωe
�
U

ð1Þ
ζ

�
: eðwÞ dx ¼

Z
ω
ðC2 � C1Þζ : eðwÞ dx for allw∈ _BL

�
Rd

�d

:

Hence, there are tensors P1;P2 representing F 1;F 2 respectively, which we refer to as
polarisation tensors. With their help we are able to rewrite (5.25) the following way:

dJ ð∅;ωÞðx0Þ ¼ ðC1 � C2Þeðu0Þðx0Þ : P1eðq0Þðx0Þ þ ðC1 � C2Þeðu0Þðx0Þ : P2eðu0Þðx0Þ
(5.26)

þ γf ðf1 � f2Þ$u0 þ ðC1 � C2Þeðu0Þ : eðq0Þ � ðf1 � f2Þ$q0
	 
ðx0Þ: (5.27)

Next we compute the second-order topological derivative. Therefore, let ‘2(«)d«‘1(«). By
Proposition 2.4 item (2) we have

d2J ð∅;ωÞðx0Þ ¼ Rð2Þðu0; q0Þ þ v
ð2Þ
‘ Lð0; u0; q0Þ; (5.28)

where

Rð2Þðu0; q0Þ ¼ lim
εa0

Lðε; u0; qεÞ � Lðε; u0; q0Þ � ‘1ðεÞRð1Þðu0; q0Þ
‘2ðεÞ ;

v
ð2Þ
‘ Lð0; u0; q0Þ ¼ lim

εa0

Lðε; u0; q0Þ � Lð0; u0; q0Þ � ‘1ðεÞvð2Þ‘ Lð0; u0; q0Þ
‘2ðεÞ ;

if the above limits exist. We start computing Rð2Þðu0; q0Þ. Using (5.20) we get

Rð2Þðu0; q0Þ ¼ lim
εa0

�
Z
ω
ðC1 � C2Þeðu0ÞBΦε : e

�
ε−1Qð1Þ

ε

�
dx� −

Z
ω
ðf1 � f2ÞBΦε$

�
Q

ð1Þ
ε

�
dx

�
�−

Z
ω
ðC1 � C2Þeðu0Þðx0Þ : e

�
ε−1Qð1Þ� dx�

¼ lim
εa0

�
Z
ω
ðC1 � C2Þ

	
ε−1ðeðu0ÞBΦε � eðu0Þðx0ÞÞ



: e
�
Q

ð1Þ
ε

�
dx

�
þ−

Z
ω
ðC1 � C2Þeðu0Þðx0Þ : e

�
ε−1Qð1Þ

ε � ε−1Qð1Þ
�
dx

þ−

Z
ω
ðf1 � f2ÞBΦε$

�
Q

ð1Þ
ε

�
dx

�
¼ �

Z
ω
ðC1 � C2Þ½∇eðu0Þðx0Þx� : e

�
Qð1Þ� dxþ −

Z
ω
ðC1 � C2Þeðu0Þðx0Þ : e

�
Qð2Þ� dx

�−

Z
ω
ðf1ðx0Þ � f2ðx0ÞÞ$

�
Qð1Þ� dx;

(5.29)

where we used Q
ð1Þ
ε →Qð1Þ in L1(ω)

d, eðQð1Þ
ε Þ→ eðQð1ÞÞ in L2(ω)

d and by Theorem 4.8

ε−1ðeðQð1Þ
ε Þ− eðQð1ÞÞÞ→ eðQð2ÞÞ in L2(ω)

d. Next, we compute v
ð2Þ
‘ Lð0; u0; q0Þ:
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v
ð2Þ
‘ Lð0; u0; q0Þ ¼ lim

εa0
γf �
Z
ω
ε−1½ðf1 � f2Þ 8 Φε$u0 8 Φε � ðf1ðx0Þ � f2ðx0ÞÞ$u0ðx0Þ� dx

�
þ−

Z
ω
ε−1½ðC1 � C2Þeðu0Þ 8 Φε : eðq0Þ 8 Φε � ðC1 � C2Þeðu0Þðx0Þ : eðq0Þðx0Þ� dx

�−

Z
ω
ε−1½ðf1 � f2Þ 8 Φε$q0 8 Φε � ðf1ðx0Þ � f2ðx0ÞÞ$q0ðx0Þ� dx

�
¼ γf �

Z
ω
∇½ðf1 � f2Þ�ðx0Þx$u0ðx0Þ dxþ γf �

Z
ω
½f1ðx0Þ � f2ðx0Þ�$∇u0ðx0Þx dx

þ−

Z
ω
ðC1 � C2Þ½∇ðeðu0ÞÞðx0Þx� : eðq0Þðx0Þ dx

þ−

Z
ω
ðC1 � C2Þeðu0Þðx0Þ : ½∇ðeðq0ÞÞðx0Þx� dx

�−

Z
ω
½∇ðf1 � f2Þðx0Þ�x$q0ðx0Þ dx� −

Z
ω
½f1ðx0Þ � f2ðx0Þ�$∇q0ðx0Þx dx;

(5.30)

where again we used the smoothness of u0, q0, f1, f2 in a neighbourhood of x0 in the last step.
This is the claimed formula (5.23). Furthermore, combining (5.29) and (5.30), we obtain the
final formula for the second-order topological derivative:

d2J ð∅;ωÞðx0Þ ¼ γf �
Z
ω
½∇ðf1 � f2Þðx0Þ�x$u0ðx0Þ dxþ γf �

Z
ω
½f1ðx0Þ � f2ðx0Þ�$∇u0ðx0Þx dx

þ−

Z
ω
ðC1 � C2Þ½∇ðeðu0ÞÞðx0Þx� : eðq0Þðx0Þ dx

þ−

Z
ω
ðC1 � C2Þeðu0Þðx0Þ : ½∇ðeðq0ÞÞðx0Þx� dx

�−

Z
ω
½∇ðf1 � f2Þ�ðx0Þx$q0ðx0Þ dx� −

Z
ω
½f1ðx0Þ � f2ðx0Þ�$∇q0ðx0Þx dx

þ−

Z
ω
ðC1 � C2Þ½∇eðu0Þðx0Þx� : e

�
Qð1Þ� dxþ −

Z
ω
ðC1 � C2Þeðu0Þðx0Þ : e

�
Qð2Þ� dx

�−

Z
ω
ðf1ðx0Þ � f2ðx0ÞÞ$

�
Qð1Þ� dx;

(5.31)

with Q(1) defined in (4.30), (4.33) and Q(2) defined in (4.41), (4.44).

5.3 Delfour’s method
At last, we consider Delfour’s method to compute the topological derivative. Therefore, recall
that by Proposition 2.7 item (1) we have

dJ ð∅;ωÞðx0Þ ¼ Rð1Þ
1 ðu0; p0Þ þ Rð1Þ

2 ðu0; p0Þ þ v
ð1Þ
‘ Lð0; u0; p0Þ; (5.32)

where we let ‘1(«)djω«j and assume that the limits.

Rð1Þ
1 ðu0; p0Þdlim

εa0

1

‘1ðεÞ
Z 1

0

vuLðε; suε þ ð1� sÞu0; p0Þ � vuLðε; u0; p0Þð Þðuε � u0Þ ds; (5.33)

Rð1Þ
2 ðu0; p0Þd lim

εa0

1

‘1ðεÞ ðvuLðε; u0; p0Þ � vuLð0; u0; p0ÞÞðuε � u0Þ; (5.34)
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v
ð1Þ
‘ Lð0; u0; p0Þd lim

εa0

1

‘1ðεÞ ðLðε; u0; p0Þ � Lð0; u0; p0ÞÞ; (5.35)

exist. We now compute the limit of each term. Plugging in the definition of Lðε; u; vÞ, we get
for « > 0,

1

‘1ðεÞ
Z 1

0

vuLðε; suε þ ð1� sÞu0; p0Þ � vuLðε; u0; p0Þð Þðuε � u0Þ ds

¼ 1

jωεj
Z 1

0

vuJðε; suε þ ð1� sÞu0; p0Þðuε � u0Þ � vuJðε; u0; p0Þðuε � u0Þ ds

¼ ε
jωjγmkU

ð1Þ
ε k2

L2ðΓmε Þd þ
1

jωjγgk∇U
ð1Þ
ε k2

L2ðDεÞd3 d :

(5.36)

Hence, passing to the limit « a 0 yields Rð1Þ
1 ðu0; p0Þ ¼ γg

jωjk∇U ð1Þk2
L2ðRdÞd3 d (see (5.9)).

Furthermore, we have

1

‘1ðεÞ ðvuLðε; u0; p0Þ � vuLð0; u0; p0ÞÞðuε � u0Þ ¼ 1

jωεjγf
Z
ωε

ðf1 � f2Þ$ðuε � u0Þ dx

þ 1

jωεj
Z
ωε

ðC1 � C2Þeðuε � u0Þ : eðp0Þ dx

¼ εγf �
Z
ω
ðf1 8 Φε � f2 8 ΦεÞ$

�
U ð1Þ

ε

�
dx

þ−

Z
ω
ðC1 � C2Þe

�
U ð1Þ

ε

�
: eðp0Þ 8 Φε dx:

(5.37)

Since U ð1Þ
ε →U ð1Þ in L1(ω)

d and eðU ð1Þ
ε Þ→ eðU ð1ÞÞ in L2(ω)

d3d for « a 0, which can be seen
similarly to the analogous results for P(1) and Q(1), it follows

Rð1Þ
2 ðu0; p0Þ ¼ −

Z
ω
ðC1 � C2Þe

�
U ð1Þ� : eðp0Þðx0Þ dx: (5.38)

A similar computation yields

v
ð1Þ
‘ Lð0; u0; p0Þ ¼ γf ðf1 � f2Þ$u0 þ ðC1 � C2Þeðu0Þ : eðp0Þ � ðf1 � f2Þ$p0

	 
ðx0Þ: (5.39)

A more detailed derivation of v
ð1Þ
‘ Lð0; u0; p0Þ can be found in (5.23) by substituting p0 for q0.

Combining these limits yields

dJ ð∅;ωÞðx0Þ ¼ �RωðC1 � C2Þe
�
U ð1Þ� : eðp0Þðx0Þ dxþ ðC1 � C2Þeðu0Þðx0Þ : eðp0Þðx0Þ

þ γf ðf1ðx0Þ � f2ðx0ÞÞ$u0ðx0Þ � ðf1ðx0Þ � f2ðx0ÞÞ$p0ðx0Þ

þγg
1

jωj
Z
Rd

j∇U ð1Þj2 dx;
(5.40)

with U(1) defined in (3.42). Next, we compute the second-order topological derivative. In view
of Proposition 2.7, item (2), we first show that the following limits exist:
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Rð2Þ
1 ðu0; p0Þdlim

εa0

1

‘2ðεÞ
Z 1

0

vuLðε; suε þ ð1� sÞu0; p0Þ

�vuLðε; u0; p0Þðuε � u0Þ ds� ‘1ðεÞRð1Þ
1 ðu0; p0Þ;

(5.41)

Rð2Þ
2 ðu0; p0Þdlim

εa0

1

‘2ðεÞ ðvuLðε; u0; p0Þ � vuLð0; u0; p0ÞÞðuε � u0Þ � ‘1ðεÞRð1Þ
2 ðu0; p0Þ

h i
; (5.42)

v
ð2Þ
‘ Lð0; u0; p0Þdlim

εa0

1

‘2ðεÞ Lðε; u0; p0Þ � Lð0; u0; p0Þ � ‘1ðεÞvð1Þ‘ Lð0; u0; p0Þ
h i

; (5.43)

where ‘2(«)d«‘1(«). Then the topological derivative is given by

d2J ðΩÞðx0Þ ¼ Rð2Þ
1 ðu0; p0Þ þ Rð2Þ

2 ðu0; p0Þ þ v
ð2Þ
‘ Lð0; u0; p0Þ:

Similar to (5.15) it follows that

Rð2Þ
1 ðu0; p0Þ ¼ 2γg

1

jωj
Z
Rd

∇U ð1Þ : ∇U ð2Þ dx:

Furthermore, we have

1

‘2ðεÞ ðvuLðε; u0; p0Þ � vuLð0; u0; p0ÞÞ ðuε � u0Þ � ‘1ðεÞRð1Þ
2 ðu0; p0Þ

¼ γf �
Z
ω
ðf1 8 Φε � f2 8 ΦεÞ$

�
U ð1Þ

ε

�
dx

þ−

Z
ω
ðC1 � C2Þe

�
ε−1

h
U ð1Þ

ε � U ð1Þ
i�

: eðp0Þ 8 Φε dx

þ−

Z
ω
ðC1 � C2Þe

�
U ð1Þ� : 	ε−1ðeðp0Þ 8 Φε � eðp0Þðx0ÞÞ



dx:

(5.44)

Hence, passing to the limit « a 0, we deduce

Rð2Þ
2 ðu0; p0Þ ¼ −

Z
ω
ðC1 � C2Þe

�
U ð2Þ� : eðp0Þðx0Þ dxþ −

Z
ω
ðC1 � C2Þe

�
U ð1Þ�

: ½∇eðp0Þðx0Þx� dxþ γf �
Z
ω
ðf1ðx0Þ � f2ðx0ÞÞ$U ð1Þ dx; (5.45)

where we used ε−1½eðU ð1Þ
ε Þ− eðU ð1ÞÞ�→ eðU ð2ÞÞ in L2(ω)

d3d and U ð1Þ
ε →U ð1Þ in L1(ω)

d.
Additionally, from (5.30) we get

v
ð2Þ
‘ Lð0; u0; p0Þ ¼ γf �

Z
ω
∇½f1ðx0Þ � f2ðx0Þ�x$u0ðx0Þ dxþ γf �

Z
ω
½f1ðx0Þ � f2ðx0Þ�$∇u0ðx0Þx dx

þ−

Z
ω
ðC1 � C2Þ½∇ðeðu0ÞÞðx0Þx� : eðp0Þðx0Þ dx

þ−

Z
ω
ðC1 � C2Þeðu0Þðx0Þ : ½∇ðeðp0ÞÞðx0Þx� dx

�−

Z
ω
∇½f1ðx0Þ � f2ðx0Þ�x$p0ðx0Þ dx� −

Z
ω
½f1ðx0Þ � f2ðx0Þ�$∇p0ðx0Þx dx:

(5.46)
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We obtain

d2J ð∅;ωÞðx0Þ ¼ γf �
Z
ω
ðf1ðx0Þ � f2ðx0ÞÞ$U ð1Þ dxþ 2γg

1

jωj
Z
Rd

∇U ð1Þ : ∇U ð2Þ dx

þ−

Z
ω
ðC1 � C2Þe

�
U ð2Þ� : eðp0Þðx0Þ dxþ −

Z
ω
ðC1 � C2Þe

�
U ð1Þ� : ½∇eðp0Þðx0Þx� dx

þ γf �
Z
ω
∇½f1ðx0Þ � f2ðx0Þ�x$u0ðx0Þ dxþ γf �

Z
ω
½f1ðx0Þ � f2ðx0Þ�$∇u0ðx0Þx dx

þ−

Z
ω
ðC1 � C2Þ½∇ðeðu0ÞÞðx0Þx� : eðp0Þðx0Þ dx

þ−

Z
ω
ðC1 � C2Þeðu0Þðx0Þ : ½∇ðeðp0ÞÞðx0Þx� dx

�−

Z
ω
∇½f1ðx0Þ � f2ðx0Þ�x$p0ðx0Þ dx� −

Z
ω
½f1ðx0Þ � f2ðx0Þ�$∇p0ðx0Þx dx;

(5.47)

with U(1) defined in (3.42) and U(2) defined in (3.66), (3.69). This finishes the proof of the
computation of the second-order topological derivative using Delfour’s method.

Remark 5.5. We would like to point out that using the defining equations of the
boundary layer correctors, one can show that all three expressions of the
second-order topological derivative coincide and therefore all methods
lead to the same result. To get an idea, we show that the first-order
topological derivative of Amstutz’ approach and the averaged adjoint
method are the same. Plugging in w 5 Q(1) in (3.42) yieldsZ

ω
ðC1 � C2Þeðu0Þðx0Þ : e

�
Qð1Þ� dx ¼ −

Z
Rd

Cωe
�
U ð1Þ� : e�Qð1Þ� dx:

Additionally, by choosing w 5 P(1) in(4.5) and w 5 U(1) in (4.30), (4.33) we getZ
ω
ðC1 � C2Þeðu0Þðx0Þ : e

�
Pð1Þ� dxþ Z

Rd

j∇U ð1Þj2 dx

¼ −

Z
Rd

Cωe
�
U ð1Þ� : e�Pð1Þ� dxþ Z

ω
ðC2 � C1Þeðq0Þðx0Þ : e

�
U ð1Þ�dx|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

¼0

�
Z
Rd

Cωe
�
U ð1Þ� : e�Qð1Þ� dx:

Now using p0 5 q0 it follows that both results (5.13), (5.25) coincide.

6. Conclusion
In the present work we review three different methods to compute the second-order
topological derivative and illustrate their methodologies by applying them to a linear
elasticity model. To give a better insight into the differences of these methods, the cost
functional consists of three terms: the compliance, a L2 tracking type over a part of the
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Neumann boundary and a gradient tracking type over the whole domain, whereas the first
one is linear and the latter two are quadratic.

Amstutz’ method to compute the topological derivative requires besides the analysis of
the direct state u« also the analysis of the adjoint state p«. Even though this seems to lead to
additional work, we would like to point out that, due to the «-dependence of the defining
equation of the adjoint state variable, the analysis of p« resembles the analysis of the direct
state and can be done in a similar way. The computation of the topological derivative for the
compliance term is straightforward, whereas checking the occurring limits for the
nonlinearities requires the asymptotic analysis of u« on the whole domain.

The averaged adjoint method shifts the work from the computation of the topological
derivative to the asymptotic analysis of the averaged adjoint variable q«. Since the defining
equation depends on the state variable u«, the asymptotic analysis of p« does not resemble the
analysis of u« and therefore needs to be treated differently. In fact, we would like to mention
that again the non-linearities of the cost functional are the reason for additional work during
this process. When it comes to the computation of the topological derivative, the averaged
adjoint method simplifies the procedure as it only requires convergence of q« on a small
subdomain of size «.

Finally, Delfour’s method resembles Amstutz’ method as it requires the asymptotic
analysis of u« on the whole domain, yet it does not need the analysis of the adjoint state p«.
This advantage seems to come with the shortcoming, that this method is only applicable to a
selective set of cost functions.

To recapitulate, each method proposed in this work has some advantages and
disadvantages over the others. The decision on which method fits the actual problem
setting the best greatly depends on the actual cost function as well as the properties of the
underlying partial differential equation.
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Appendix
Here we derive equations satisfied by the variations of the adjoint and average adjoint variable
respectively.

A1 Derivation and estimation of Equation (4.10)
In order to compute G1

ε, we subtract (4.3) and (4.4) to obtainZ
D

CωεeðwÞ : eðpε � p0Þ dx ¼
Z
ωε

ðC2 � C1ÞeðwÞ : eðp0Þ dx

þγf

Z
ωε

ðf2 � f1Þ$w dx;
(A.1)

for all w∈H 1
ΓðDÞd. Next we change variables according to the transformation y5 Φ«(x), multiply with

«1�d and subtractZ
Dε

CωeðwÞ : e
�
Pð1Þ� dx ¼ Z

ω
ðC2 � C1ÞeðwÞ : eðp0Þðx0Þ dxþ

Z
ΓN ;ε

C
u
2 e

�
Pð1Þ�n$w dS (A.2)

to conclude Z
Dε

CωeðwÞ : e
�
Pð1Þ
ε � Pð1Þ

�
dx ¼ G

1
εðwÞ; (A.3)

for all w∈H 1
Γε ðDεÞd with the notation
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G
1
εðwÞ ¼

Z
ω
ðC2 � C1ÞeðwÞ : ½eðp0Þ 8 Φε � eðp0Þðx0Þ� dx

þ εγf

Z
ω
ðf2 � f1Þ 8 Φε$w dx

�
Z
ΓN ;ε

C
u
2 e

�
Pð1Þ�n$w dS:

(A.4)

Now we can find a constant C > 0, such that the following estimates hold:

(1)
R
ωð

�� C2 −C1ÞeðwÞ : ½eðp0Þ 8 Φε − eðp0Þðx0Þ� dxj≤Cεkwkε, which follows from a Taylor’s

expansion of e(p0)◦Φ« in x0 and H€older’s inequality.

(2) εγf
R
ωð

�� f2 − f1Þ 8 Φε$w dxj≤Cεkwkε, for d5 3 and εγf
R
ωð

�� f2 − f1Þ 8 Φε$w dxj≤Cεkwk1−αε , for

d 5 2 which is a consequence of H€older’s inequality and Lemma 3.4 item (2) and (3).

(3)
R
ΓN ;ε

Cu
2 eð

��� Pð1ÞÞn$w dSj≤Cε
d
2kwkε, which follows from H€older’s inequality, Lemma 3.4 item (4)

and Lemma 3.5, item (3) with m 5 d � 1.

Combining the previous estimates yields

kG1
εk:≤

Cε for d ¼ 3;
Cε1−α for d ¼ 2:

�
(A.5)

A2 Derivation and estimation of Equation (4.23)
We start by dividing (Section A3) by « and subtract (4.13), (4.20), which can be formulated on the domain
Dε by a change of variables. Next we subtract (4.14) (4.17), whereas these equations can be restricted to
the domain Dε by splitting the integral over Rd and integrating by parts in the exterior domain. These
operations leave us with Z

Dε

CωeðwÞ : e
�
εPð3Þ

ε

�
dx ¼ G

2
εðwÞ þ G

3
εðwÞ; (A.6)

for all w∈H 1
Γε ðDεÞd where

G
2
εðwÞ ¼

Z
ω
ðC2 � C1ÞeðwÞ :

	
ε−1ðeðp0Þ 8 Φε � eðp0Þðx0ÞÞ �∇εðp0Þðx0Þx



dx

þ γf

Z
ω
½ðf2 � f1Þ 8 Φε � ðf2ðx0Þ � f1ðx0ÞÞ�$w dx

þ εd−1
Z
ω
ðC2 � C1ÞeðwÞ :

	
e
�
pð1Þ

�
8 Φε þ e

�
pð2Þ

�
8 Φε



dx;

(A.7)

G
3
εðwÞ ¼ �ε−1

Z
ΓN ;ε

	
Cu

2 e
�
Pð1Þ�� εdCu

2 e
�
Sð1Þ�ðεxÞ
n$w dS

�
Z
ΓN ;ε

	
C

u
2 e

�
Pð2Þ�� εd−1Cu

2 e
�
Sð2Þ�ðεxÞ
n$w dS:

(A.8)

Now we want to estimate the norm of Gk
ε, k ∈ {2, 3}. Therefore let w∈H 1

Γε
ðDεÞd.

(1) Since p0 is three times differentiable in a neighbourhood of x0, there is a constantC> 0, such that
j«�1(e(p0)◦Φ« � e(p0)(x0)) � ∇e(p0)(x0)xj ≤ C«, for x ∈ ω. Hence, H€older’s inequality yieldsZ
ω
ðC2 � C1ÞeðwÞ :

	
ε−1ðeðp0ÞBΦε � eðp0Þðx0ÞÞ � ∇eðp0Þðx0Þx



dx

���� ����≤Cεkwkε: (A.9)
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(2) A Taylor expansion of (f2 � f1)◦Φ« at x0, H€older’s inequality and Lemma 3.4 item (2) yield

γf

Z
ω
½ðf2 � f1ÞBΦε � ðf2ðx0Þ � f1ðx0ÞÞ�$w dx

���� ����≤Cεkwkε; (A.10)

for a constant C > 0.

(3) Furthermore, by H€older’s inequality we get

εd−1
Z
ω
ðC2 � C1ÞeðwÞ :

	
e
�
pð1Þ

�
BΦε þ e

�
pð2Þ

�
BΦε



dx

���� ����≤Cεkwkε; (A.11)

for a constant C > 0.
Combining the above results leaves us with kG2

εk≤Cε for a constant C > 0. Next we consider the
boundary integral terms:

(4) From H€older’s inequality, Lemma 3.5 item (3) withm5 d and the scaled trace inequality we get

ε−1
Z
ΓN ;ε

	
Cu

2 e
�
Pð1Þ�� εdCu

2 e
�
Sð1Þ�ðεxÞ
n$w dS

�����
�����≤Cε

d
2kwkε; (A.12)

for a constant C > 0.

(5) Similarly,wededuce fromLemma3.5 item (3)withm5 d� 1 that there is a constantC>0, such thatZ
ΓN ;ε

	
Cu

2 e
�
Pð2Þ�� εd−1Cu

2 e
�
Sð2Þ�ðεxÞ
n$w dS

�����
�����≤Cε

d
2kwkε: (A.13)

Thus, these estimates result in kG3
εk≤Cε for a constant C > 0.

A3 Derivation and estimation of Equation (4.37)
In order to compute a governing equation for Qð1Þ

ε −Qð1Þ, we start by subtracting (4.28) and (4.29).
Rearranging these terms leaves us withZ

D

CωεeðwÞ : eðqε � q0Þ dx ¼
Z
ωε

ðC2 � C1ÞeðwÞ : eðq0Þ dx

þ γf

Z
ωε

ðf2 � f1Þ$w dx

� γm

Z
Γm
ðuε � u0Þ$w dS

� γg

Z
D

½∇uε � ∇u0� : ∇w dx;

(A.14)

for all w∈H 1
ΓðDÞd. Thus, considering the definition of U ð1Þ

ε , a change of variables followed by
subtractingZ

Dε

CωeðwÞ : e
�
Qð1Þ� dx ¼ Z

ω
ðC2 � C1ÞeðwÞ : eðq0Þðx0Þ dx� γg

Z
Dε

∇U ð1Þ : ∇w dx

þ
Z
ΓN ;ε

C
u
2 e

�
Qð1Þ�n$w dS þ

Z
ΓN ;ε

∇U ð1Þn$w dS

þ
Z
Rdn Dε

	
div

�
Cu

2 e
�
Qð1Þ��þ γgΔU

ð1Þ
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼0

$w dx;

(A.15)

yields
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Z
Dε

CωeðwÞ : e
�
εQð2Þ

ε

�
dx ¼ G

4
εðwÞ; (A.16)

where

G
4
εðwÞ ¼

Z
ω
ðC2 � C1ÞeðwÞ : ½eðq0Þ 8 Φε � eðq0Þðx0Þ� dx

þεγf

Z
ω
ðf2 8 Φε � f1 8 ΦεÞ$w dx

�εγm

Z
Γm;ε

�
U ð1Þ

ε

�
$w dS

�
Z
ΓN ;ε

Cu
2 e

�
Qð1Þ�n$w dS

�γg

Z
ΓN ;ε

∇U ð1Þn$w dS

�γg

Z
Dε

�
∇U ð1Þ

ε �∇U ð1Þ
�
: ∇w dx;

(A.17)

for all w∈H 1
Γε ðDεÞd.

Now let w∈H 1
Γε
ðDεÞd. There is a constant C > 0 independent of « and w, such that.

(1)
R
ωð

�� C2 −C1ÞeðwÞ : ½eðq0Þ 8 Φε − eðq0Þðx0Þ� dxj≤Cεkwkε, which can be seen by a Taylor’s

expansion of q0 in x0 and H€older’s inequality.

(2) εγf
R
ωð

�� f2BΦε − f1 8 ΦεÞ$w dxj≤Cεkwkε, which is a consequence of H€older’s inequality and

Lemma 3.4 item (2).

(3) jRΓN ;ε
Cu
2 eðQð1ÞÞn$w dSj≤Cε

1
2kwkε, which is a consequence of H€older’s inequality, Lemma 3.5

item (3) with m 5 d � 2 and the scaled trace inequality.

(4) jγg
R
ΓN ;ε

∇U ð1Þn$w dSj≤Cε
d
2kwkε, which can be seen similarly.

(5) jεγm
R
Γm;ε

ðU ð1Þ
ε Þ$w dSj≤Cεkwkε, which follows from H€older ’s inequality, splitting

kU ð1Þ
ε k

L2ðΓm;εÞd ≤ kU ð1Þ
ε −U ð1Þk

L2ðΓm;εÞd þ kU ð1Þk
L2ðΓm;εÞd, the scaled trace inequality, Theorem

3.10 and Lemma 3.5 item (1) with m 5 d � 1.

(6) jγg
R
Dε
ð∇U ð1Þ

ε −∇U ð1ÞÞ : ∇w dxj≤Cεkwkε, which is a consequence of H€older’s inequality and

Theorem 3.10.

Combining the above results leaves us with

kG4
εk:≤Cε

1
2:

A4 Derivation and estimation of Equation (4.51)
Due to the high number of terms, we derive the governing equation in more detail. Therefore, we
formulate (4.40), (4.47), (4.48), (4.41) and (4.44) on the domainDε by scaling arguments and splitting of the
integral domain respectively, to getZ

Dε

CωeðwÞ : e
�
εd−3qð1Þ 8 Φε

�
dx ¼ � εd−2

Z
ΓN ;ε

Cu
2 e

�
Tð1Þ�ðεxÞn$w dS

þ εd−2
Z
ω
ðC1 � C2ÞeðwÞ : e

�
qð1Þ

�
8 Φε dx;

(A.18)
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Z
Dε

CωeðwÞ : e
�bQð2Þ�

dx ¼
Z
ω
ðC2 � C1ÞeðwÞ : ½∇eðq0Þðx0Þx� dx

�γg

Z
Dε

∇U ð2Þ : ∇w dS

þγg

Z
ΓN ;ε

∇U ð2Þn$w dS

þ
Z
ΓN ;ε

Cu
2 eðbQð2ÞÞn$w dS;

(A.19)

Z
Dε

CωeðwÞ : e
�
~Q
ð2Þ�

dx ¼ γf

Z
ω
½f2ðx0Þ � f1ðx0Þ�$w dx

þ
Z
ΓN ;ε

C
u
2 e

�
~Q
ð2Þ�

n$w dS;

(A.20)

Z
Dε

CωeðwÞ : e
�
εd−2qð2Þ 8 Φε

�
dx ¼ −εd−1γm

Z
Γm;ε

Rð1ÞðεxÞ$w dS � εγm

Z
Γm;ε

�
εd−2uð1Þ 8 Φε

�
$w dS

� εd−1γm

Z
Γm;ε

Rð2ÞðεxÞ$w dS � εγm

Z
Γm;ε

�
εd−2uð2Þ 8 Φε

�
$w dS

� εd−2γg

Z
Dε

∇
�
uð1Þ 8 Φε

�
: ∇w dx� εd−2γg

Z
Dε

∇
�
uð2Þ 8 Φε

�
: ∇w dx

� εd−1γg

Z
ΓN ;ε

∇
�
Rð1Þ�ðεxÞn$w dS � εd−1γg

Z
ΓN ;ε

∇
�
Rð2Þ�ðεxÞn$w dS

þ εd−1
Z
ω
ðC1 � C2ÞeðwÞ : e

�
qð2Þ

�
8 Φε dx:

(A.21)

Now dividing (A.16), (A.17) by « and subtracting (A.18)–(A.21) leaves us withZ
Dε

CωeðwÞ : eðVεÞ dx ¼ G
5
εðwÞ þ G

6
εðwÞ; (A.22)

where we remember the simplified notation Vεdε−1½Qð1Þ
ε −Qð1Þ�− εd−3qð1Þ 8 Φε −Qð2Þ − εd−2qð2Þ 8 Φε

and

G
5
εðwÞ ¼

Z
ω
ðC2 � C1ÞeðwÞ :

	
ε−1ðeðq0Þ 8 Φε � eðq0Þðx0ÞÞ � ∇εðq0Þðx0Þx



dx

þ γf

Z
ω
½ðf2 8 Φε � f1 8 ΦεÞ � ðf2ðx0Þ � f1ðx0ÞÞ�$w dx

� γg

Z
Dε

h
ε−1

�
∇U ð1Þ

ε � ∇U ð1Þ
�
� ∇

�
εd−2uð1Þ 8 Φε

�� ∇U ð2Þ � ∇
�
εd−2uð2Þ 8 Φε

�i
: ∇w dx

þ εd−2
Z
ω
ðC1 � C2ÞeðwÞ : e

�
qð1Þ

�
8 Φε dx

þ εd−1
Z
ω
ðC1 � C2ÞeðwÞ : e

�
qð2Þ

�
8 Φε dx;

(A.23)
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G
6
εðwÞ ¼ � εγm

Z
Γm;ε

�
ε−1U ð1Þ

ε � εd−2Rð1ÞðεxÞ � εd−2uð1Þ 8 Tε � εd−2Rð2ÞðεxÞ � εd−2uð2Þ 8 Tε

�
$w dS

� ε−1
Z
ΓN ;ε

Cu
2

	
e
�
Qð1Þ�� εd−1e

�
Tð1Þ�ðεxÞ
n$w dS

�
Z
ΓN ;ε

Cu
2 e

�
Qð2Þ�n$w dS

� γgε
−1

Z
ΓN ;ε

	
∇U ð1Þ � εd∇

�
Rð1Þ�ðεxÞ
n$w dS

� γg

Z
ΓN ;ε

	
∇U ð2Þ � εd−1∇

�
Rð2Þ�ðεxÞ
n$w dS:

(A.24)

In the following let w∈H 1
Γε
ðDεÞd and C denote a sufficiently large constant independent of w and «. We

now want to estimate the operator norm of Gk
ε, k ∈ {5, 6} with respect to k$k«:

(1) A Taylor’s expansion and H€older’s inequality yieldZ
ω
ðC2 � C1ÞeðwÞ :

	
ε−1ðeðq0Þ 8 Φε � eðq0Þðx0ÞÞ �∇εðq0Þðx0Þx



dx

���� ����≤Cεkwkε:

(2) A Taylor’s expansion followed by an application of H€older’s inequality with respect to p 5 2*
and Lemma 3.4 item (2) yield

γf

Z
ω
½ðf2 8 Φε � f1 8 ΦεÞ � ðf2ðx0Þ � f1ðx0ÞÞ�$w dx

���� ����≤Cεkwkε:

(3) From Theorem 3.16 we deduce

γg

Z
Dε

h
ε−1

�
∇U ð1Þ

ε �∇U ð1Þ
�
�∇

�
εd−2uð1Þ 8 Φε

��∇U ð2Þ �∇
�
εd−2uð2Þ 8 Φε

�i
:∇w dx

���� ����≤Cεkwkε:

(4) Furthermore, from H€older’s inequality it follows

εd−2
Z
ω
ðC1 � C2ÞeðwÞ : e

�
qð1Þ

�
8 Φε dx

���� ����≤Cεkwkε:

(5) Similarly, one gets

εd−1
Z
ω
ðC1 � C2ÞeðwÞ : e

�
qð2Þ

�
8 Φε dx

���� ����≤Cεkwkε:

Combining these estimates, we get kG5
εk≤Cε. Next we consider the boundary integral terms.

(6) By smuggling in «�1U(1) and U(2) we get

εγm
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ε−1U ð1Þ
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$w dS

��� ���≤
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�
$w dS
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þ εγm
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��� ���
þ εγm

R
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�
U ð2Þ � εd−2Rð2ÞðεxÞ�$w dS

��� ���:
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The first term on the right-hand side can be estimated by H€older’s inequality, the scaled trace
inequality and Theorem 3.16, whereas the remaining terms can be estimated by H€older’s inequality, the
scaled trace inequality and Lemma 3.5 item (1). Thus we conclude

εγm

Z
Γm;ε

�
ε−1U ð1Þ

ε � εd−2Rð1ÞðεxÞ � εd−2uð1Þ 8 Φε � εd−2Rð2ÞðεxÞ � εd−2uð2Þ 8 Φε

�
$w dS

�����
�����≤Cεkwkε:

(7) A similar computation to Lemma 3.5 and the scaled trace inequality yield

ε−1
Z
ΓN ;ε

C
u
2

	
e
�
Qð1Þ�� εd−1e

�
Tð1Þ�ðεxÞ
n$w dS
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1
2 ln
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�kwkε:
(8) A similar argument showsZ

ΓN ;ε

C
u
2 e

�
Qð2Þ�n$w dS

�����
�����≤Cε

1
2 ln

�
ε−1

�kwkε:
(9) Furthermore, the remaining terms can be estimated by H€older’s inequality, the scaled trace

inequality and Lemma 3.5 item (3) with m 5 d � 1 and m 5 d respectively, to deduce

γgε
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Z
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�
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n$w dS
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γg

Z
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∇U ð2Þ � εd−1∇

�
Rð2Þ�ðεxÞ
n$w dS

�����
�����≤Cε

d
2kwkε:

Hence, we conclude kG6
εk≤Cε

1
2 lnðε−1Þ.
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